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Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Notation

Hyperbolic plane H “ tx ` iy |x P R, y ą 0u

Action of SL2pRq on H given by

ˆ

a b
c d

˙

z “
az ` b

cz ` d

Hyperbolic metric ds2 “
1

y2
pdx2 ` dy2q

Volume element dµ “
1

y2
dxdy

Hyperbolic Laplacian ∆ “ y2

ˆ

B2

Bx2
`
B2

By2

˙

Γ “ Γ0pNq “

"ˆ

a b
c d

˙

P SL2pZq : c ” 0 mod N

*

Γ0pNq acts on H˚ “ HYQY8. We denote by X0pNq the quotient
surface Γ0pNqzH˚.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 2 / 26



Modular forms

Definition

A cusp form of weight k (and level N) is a holomorphic function
f : HÑ C such that

For all γ “

ˆ

a b
c d

˙

P Γ0pNq, we have that

f pγzq “ pcz ` dqk f pzq ;

f ’vanishes at all cusps’.

We denote by SkpΓ0pNqq the space of weight k and level N.
We note that if f P S2pΓ0pNqq, then f pzqdz is a Γ0pNq-invariant cuspidal
1-form.
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Modular symbols

The cusps for Γ0pNq are parametrized by Q, so for r P Q and
f P S2pΓ0pNqq, we define the modular symbol

xry “

ż r

i8
f pzqdz .

The path can be taken to be the vertical line connecting r P Q to 8.
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Central values of L-functions

Let f P SkpΓq be a cusp form of weight k with Fourier expansion at 8

f pzq “
ÿ

ně1

af pnqn
pk´1q{2qn

We define the additive twist of L-function associated to f as

Lpf b eprq, sq :“
ÿ

ně1

af pnqepnrq

ns
, for Repsq ą 1 .

Let r “ a{c P Q and d P pZ{cZqˆ such that ad ” 1 mod c .

Completed L-function:

Λpf b eprq, sq “
`

c
2π

˘s`1{2
Γps ` 1{2qLpf b eprq, sq

Functional equation: Λpf b epa{cq, sq “ Λpf b ep´d{cq, 1´ sq

Period integral representation:
Λpf b eprq, sq “

ş8

0 f pa{c ` iy{cqy s`1{2 dy
y

Central value: xry “ Lpf b eprq, 1{2q
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The Birch–Stevens formula

Let E{Q be an elliptic curve with associated weight 2 holomorphic cusp
form f pzq. Let χ be a primitive character mod c . Then

τpχqLpE , χ̄, 1q “
ÿ

aPpC{cZqˆ
χ̄paq

Aa

c

E
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Homology

Let A,B P H˚ which are Γ-equivalent, i.e. Dγ P Γ such that
B “ γpAq. Any smooth path from A to B determines a unique
homology class in H1pX0pNq,Zq. We denote this homology class by
the ’modular symbol’ tA,Bu.

We have the surjective group homomorphism Φ : Γ Ñ H1pX0pNq,Zq
given by γ ÞÑ tA, γAu, which is independent of A P H˚.

The symbol tA,Bu gives a functional

S2pΓ0pNqq Ñ C via f ÞÑ

ż B

A
f pzqdz

We can extend the definition of tA,Bu to points A,B P H˚ not
necesarilly Γ-equivalent by identifying tA,Bu P H1pX0pNq,Cq with the

functional f ÞÑ
şB
A f pzqdz .
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Properties of modular symbols

tA,Au “ 0;

tA,Bu ` tB,Au “ 0;

tA,Bu ` tB,Cu ` tC ,Au “ 0;

tγA, γBu “ tA,Bu, for all γ P Γ;

tA, γAu “ tB, γBu, for A,B P H˚;

tA, γAu P H1pX0pNq, Γq .

Integration defines a pairing

x, y : S2pΓ0pNqq ˆ H1pX0pNq,Zq Ñ C

xf , Cy “
ż

C
f pzqdz

Theorem

We have an induced perfect pairing

x, y : S2pΓ0pNqq ˆ H1pX0pNq,Rq Ñ C
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Mazur-Rubin-Stein conjecture

For f P SL2pΓ0pNqq, we have that f pz ` 1q “ f pzq. From now on we work
with the real-valued modular symbol

xry “

ż r

i8
Repf pzqdzq.

It is clear that xr ` 1y “ xry. Write the Fourier expansion of f at 8 as
f pzq “

ř

ně1 apnqepnzq.

Conjecture (Mazur-Rubin-Stein)

Fix x P r0, 1s and let

Gcpxq “
1

c

ÿ

0ďa{cďx

Aa

c

E

Then

lim
cÑ8

Gcpxq “
8
ÿ

n“1

Repapnqpepnxq ´ 1qq

n2
“ gpxq
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Numerics

GE,m with m = 1009

Mazur & Rubin The statistical behavior of modular symbols Toronto, November 2016 26 / 1

Figure: Plot of Gcpxq, c “ 1009, for E “ 11a
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Numerics

GE,m with m = 10007

Mazur & Rubin The statistical behavior of modular symbols Toronto, November 2016 27 / 1

Figure: Plot of Gcpxq, c “ 10007, for E “ 11a
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Recent progress

Theorem (Petridis–Risager, 2017)

For Γ0pqq, q squarefree. For all x P r0, 1s:

1

M

ÿ

cďM

Gcpxq Ñ gpxq

Theorem (Diamantis–Hoffstein–Kiral–Lee, 2018)

For all q,
Gcpxq “ gpxq ` Opc´1{4q1{4pcqqεq
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Expectation and Variance

E pf , cq :“
1

φpcq

ÿ

a mod c
pa,cq“1

xa{cy Varpf , cq :“
1

φpcq

ÿ

a mod c
pa,cq“1

pxa{cy ´ E pf , cqq2

Conjecture (Mazur-Rubin)

There exists a constant Cf and constants Df ,d for each divisor d of q such
that

lim
cÑ8
pc,qq“d

pVarpf , cq ´ Cf log cq “ Df ,d

Theorem (Petridis–Risager, 2017)

1
ÿ

cďM

pc,qq“d

φpcq

ÿ

cďM
pc,qq“d

φpcqpVarpf , cq ´ Cf log cq Ñ Df ,d , M Ñ8
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Plot of VarpE , cq for E “ 15A1, gcdpc , 15q “ d
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Plot of VarpE , cq for E “ 11a1 and gcdpc , 11q “ 11

102 103 104
0

1

2

3

4

5

11

theoretical
individual
average

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 15 / 26



Normal distribution for modular symbols

Theorem (Petridis-Risager, 2017, after a conjecture of Mazur–Rubin)

I Ď R{Z interval with λpI q ą 0.
For d |q set

Qd “ ta{c P Q, pa, cq “ 1, pc , qq “ du.

Then the values of

Qd X I Ñ R
a

c
ÞÑ

xa{cy

pCf log cq1{2
,

have limit the standard normal distribution,

i.e. as X Ñ8

|t ac P I , 0 ă c ă X , xa{cy
?
Cf log c

P rA,Bsu|

|t ac P I , 0 ă c ă X u|
Ñ

1
?

2π

ż B

A
e´x

2{2dx
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Histogram of normalized modular symbols

Histograms
Histogram of {[a/m]+E : E = 11A1, m = 1, 000, 003, a 2 (Z/mZ)⇥}

Mazur & Rubin The statistical behavior of modular symbols Toronto, November 2016 34 / 1
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E = 11a1

The red curve corresponds
to a normal distribution
with variance 1.

Mazur & Rubin The statistical behavior of modular symbols Toronto, November 2016 47 / 1
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Eisenstein series twisted by modular symbols

Fix f P S2pΓ0pNqq and work with the real-valued, cuspidal one-form
α “ Repf pzqdzq.

For any real ε, we have a family of unitary characters
χε : Γ Ñ S1 given by

χεpγq “ exp p2πiεxγ, αyq “ exp

ˆ

2πiε

ż γz 0

z0

α

˙

Definition (Eisenstein series twisted by modular symbols)

Eapz , s, εq “
ÿ

γPΓazΓ

χεpγq Impσ´1
a γzqs , Repsq ą 1

Eapγz , s, εq “ χεpγqEapz , s, εq

´∆Eapz , s, εq “ sp1´ sqEapz , s, εq .
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Selberg’s theory of twisted Eisenstein series

Fourier expansion

Eapσbz , s, εq “ δaby
s`φabps, εqy

1´s`
ÿ

n

φabps, n, εq
?
yKitp2π|n|yqepnxq

Eapz , s, εq and φabps, εq admit A.C. + F.E.

Eapz , s, εq and φabps, εq have only finitely many simple poles in the
region Repsq ą 1{2, and they are on the interval 1{2 ă s ď 1 of the
real line.

Let σ be such a pole, then denote ua,σpz , εq “ Ress“σ Eapz , s, εq

ua,σ P L
2pΓzH, χεq and it satisfies p∆` σp2´ σqqua,σp¨, εq “ 0.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 20 / 26



Selberg’s theory of twisted Eisenstein series

Fourier expansion

Eapσbz , s, εq “ δaby
s`φabps, εqy

1´s`
ÿ

n

φabps, n, εq
?
yKitp2π|n|yqepnxq

Eapz , s, εq and φabps, εq admit A.C. + F.E.

Eapz , s, εq and φabps, εq have only finitely many simple poles in the
region Repsq ą 1{2, and they are on the interval 1{2 ă s ď 1 of the
real line.

Let σ be such a pole, then denote ua,σpz , εq “ Ress“σ Eapz , s, εq

ua,σ P L
2pΓzH, χεq and it satisfies p∆` σp2´ σqqua,σp¨, εq “ 0.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 20 / 26



Selberg’s theory of twisted Eisenstein series

Fourier expansion

Eapσbz , s, εq “ δaby
s`φabps, εqy

1´s`
ÿ

n

φabps, n, εq
?
yKitp2π|n|yqepnxq

Eapz , s, εq and φabps, εq admit A.C. + F.E.

Eapz , s, εq and φabps, εq have only finitely many simple poles in the
region Repsq ą 1{2, and they are on the interval 1{2 ă s ď 1 of the
real line.

Let σ be such a pole, then denote ua,σpz , εq “ Ress“σ Eapz , s, εq

ua,σ P L
2pΓzH, χεq and it satisfies p∆` σp2´ σqqua,σp¨, εq “ 0.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 20 / 26



Selberg’s theory of twisted Eisenstein series

Fourier expansion

Eapσbz , s, εq “ δaby
s`φabps, εqy

1´s`
ÿ

n

φabps, n, εq
?
yKitp2π|n|yqepnxq

Eapz , s, εq and φabps, εq admit A.C. + F.E.

Eapz , s, εq and φabps, εq have only finitely many simple poles in the
region Repsq ą 1{2, and they are on the interval 1{2 ă s ď 1 of the
real line.

Let σ be such a pole, then denote ua,σpz , εq “ Ress“σ Eapz , s, εq

ua,σ P L
2pΓzH, χεq and it satisfies p∆` σp2´ σqqua,σp¨, εq “ 0.

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 20 / 26



Spectral Theory of L2pΓzH, χεq

Denote by L2pΓzH, χεq the space of square integrable functions on
ΓzH with respect to the hyperbolic metric, satisfying
f pγzq “ χεpγqf pzq.

´∆ is a symmetric and positive operator acting on L2pΓzH, χεq.
The spectrum of ´∆ is discrete, with eigenvalues
0 ď λ0pεq ď λ1pεq ď ¨ ¨ ¨ satisfying

lim
nÑ8

λnpεq “ 8 and
8
ÿ

n“1

λnpεq
´2 ă 8.

If s ą 1{2 pole of Eapz , s, εq, then sp1´ sq eigenvalue of ´∆

Conjecture (Selberg’s eigenvalue conjecture)

λ1p0q ě 1{4.
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Perturbation theory for L2pΓzH, χεq

∆ ýL2pΓzH, χεq is unitary equivalent to Lpεq ýL2pΓzHq, where

Lpεqh “ ∆h ´ 4πiεxdh, αy ´ 4π2ε2xα, αyh

λ0pεq “ 0 ðñ ε “ 0

λ0pεq,Eapz , s, εq, φabps, εq real analytic in ε

λ10p0q “ 0 and λ20p0q “ Cα “
4π2}α}2

volpΓzHq ùñ λ0pεq “ Cαε
2 ` Opε3q

s0pεq “ 1´ Cαε
2 ` Opε3q
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Berry–Essen inequality

Theorem (Berry–Essen)

If Y is a real valued random variable and T ą 0, then

sup
zPR

ˇ

ˇ

ˇ

ˇ

ż z

´8

e´t
2{2dt ´ PpY ă zq

ˇ

ˇ

ˇ

ˇ

!
1

T
`

ż T

´T

ˇ

ˇ

ˇ

ˇ

ˇ

e´t
2{2 ´ EpexppitYqq

t

ˇ

ˇ

ˇ

ˇ

ˇ

dt

The Berry-Essen inequality allows us to obtain convergence to the
normal distribution by studying the moment generator functions

Let Y be chosen uniformly at random from

"

xa{cy
?
Cα log c

,
a

c
P QdpX q

*

EpexppitYq “ 1

#QdpX q

ÿ

a{cPQd pX q

χεpxa{cyq

Related to the poles of the generating series
ÿ

a{cPQd pX q

χεpxa{cyq

c2s
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Small t: Both e´t
2{2 and EpexppitYqq are ’very close to 1’

Medium t: EpexppitYqq is very close to e´t
2{2

Large t: Both e´t
2{2 and EpexppitYqq are ’very small’
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Modular symbols on H3

H2 “ tx ` iy |x P R, y ą 0u H3 “ tz ` jy |z P C, y ą 0u

SL2pRq SL2pCq
Q K quadratic imaginary number field

SL2pZq SL2pOK q

Γ0pNq Γ0pnq, n Ÿ OK ideal

Cusp forms f P S2pΓ0pNqq Vector-valued functions F “ pF1,F2,F3q

f pγzq “ pcz ` dq2f pzq F pγPq “ F pPqjpγ;Pq
ş1

0 f pzqdx “ 0
ş

OK zC F pz , yqdz “ 0

f pzqdz F .β, β “
´

´dz
y ,

dy
y ,

dz
y

¯

xry “
şr
i8 Repf pzqdzq, r P Q xry “

şr
j8 RepF .βq, r P K
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Distribution of modular symbols in H3

Theorem (C., 2019)

Let K be a quadratic imaginary field of class number one and n Ÿ OK a
square-free ideal with generator xny “ n. For b|n, set

QbpX q “ ta{c | a P pOK {xcyq
ˆ, xc , ny “ b, 0 ă |c | ă X u.

Let F P S2pΓ0pnqq. Then the data

K X QbpX q Ñ R
a

c
ÞÑ

xa{cy
?
CF logX

has asymptotically a standard normal distribution.

Also, there exists a constant DF ,b such that

1

QbpX q

ÿ

|c|ďX
xc,ny“b

|pOK {xcyq
ˆ|pVarpF , cq ´ CF log cq Ñ DF ,d

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 26 / 26



Distribution of modular symbols in H3

Theorem (C., 2019)

Let K be a quadratic imaginary field of class number one and n Ÿ OK a
square-free ideal with generator xny “ n. For b|n, set

QbpX q “ ta{c | a P pOK {xcyq
ˆ, xc , ny “ b, 0 ă |c | ă X u.

Let F P S2pΓ0pnqq. Then the data

K X QbpX q Ñ R
a

c
ÞÑ

xa{cy
?
CF logX

has asymptotically a standard normal distribution.
Also, there exists a constant DF ,b such that

1

QbpX q

ÿ

|c|ďX
xc,ny“b

|pOK {xcyq
ˆ|pVarpF , cq ´ CF log cq Ñ DF ,d

Petru Constantinescu (UCL) Distribution of Modular Symbols January 27, 2020 26 / 26


