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Abstract

We explore a variety of topics in the analytic theory of automorphic forms. The main
results of this thesis are about the arithmetic statistics of periods of automorphic forms
and the distribution of masses of automorphic forms in the context of Quantum Chaos.

We introduce a new technique for the study of the distribution of modular symbols.
Answering an average version of a conjecture due to Mazur and Rubin for I'o(/N) and
recovering results of Petridis and Risager using a different method, we show that modular
symbols are asymptotically normally distributed, We apply our technique to obtain new
results for congruence subgroups of Bianchi groups. Our novel insight is to use the be-
haviour of the smallest eigenvalue of the Laplace operator for twisted spaces. Our approach
also recovers the first and the second moment of the distribution.

In work joint with Asbjorn Nordentoft, we introduce an automorphic method for
studying the residual distribution of modular symbols modulo primes. We obtain a refine-
ment of a result of Lee and Sun, which solved an average version of another conjecture
of Mazur and Rubin. In addition, we solve the full conjecture in some special cases.
Furthermore, we generalise the results to quotients of general hyperbolic spaces.

Lastly, we obtain a generalisation of the Quantum Unique Ergodicity for holomorphic
cusp forms, as proved by Holowinsky and Soundararajan. We show that correlations of
masses coming from off-diagonal terms dissipate as the weight tends to infinity. This corre-
sponds to classifying the possible quantum limits along any sequence of Hecke eigenforms

of increasing weight.



Impact Statement

The study of modular symbols and quantum chaos lies at the crossroads of various branches
of mathematics: number theory, mathematical analysis, and mathematical physics. Re-
search on modular symbols has a long and rich history, through the work of Manin, the
work of Cremona and LMFDB (L-functions and modular forms database), and the work of
Goldfeld and his students. Quantum Unique Ergodicity is a fast-moving and highly active
area of research within Quantum Chaos, which bridges diverse areas such as geometry,
mathematical physics, dynamics, automorphic forms and arithmetic.

In this thesis we examine some deep questions in number theory, the branch of math-
ematics that underlies digital communication and internet security. As such it supports
the UK to keep its privileged status in fundamental research in number theory. This thesis
aligns with the EPSRC’s strategic focus for Number Theory in its Mathematical Sciences
theme. This research makes connections to neighbouring fields such as the Mathematical
Analysis, via spectral theory, and Mathematical Physics.

The immediate beneficiaries of this research are other researchers in number theory,
automorphic forms, dynamical systems, and mathematical physics. It is expected that
the results will have high long term impact on several disciplines. The publication of the

results will ensure that the impact propagates into different research communities.
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Chapter 1

Introduction

There are five elementary arithmetical
operations: addition, subtraction,
multiplication, division, and. ..

modular forms.

Martin Eichler

A mathematician, like a painter or
poet, is a maker of patterns. If his
patterns are more permanent than
theirs, it is because they are made

with ideas.

G.H. Hardy

A central theme in number theory is the study of statistical and distributional prop-
erties of arithmetic objects, such as primes, automorphic forms or special values of L-
functions. In this thesis we prove results on the distribution of periods and masses of
automorphic forms. The techniques employed are diverse and include the spectral theory
of automorphic forms, exponential sums, probabilistic number theory, subconvexity and

perturbation theory.

1.1 Distribution results in number theory

One of the most fundamental results in Analytic Number Theory is the Prime Number
Theorem, which gives an asymptotic for the number of primes up to any point, hence it

is a key result in the distribution of primes. Let 7(z) denote the number of primes less or
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equal to . The Prime Number Theorem states that

m(x) ~ Li(x) as z — oo, (1.1)

where Li(z) is the logarithmic integral

Now let g be a positive integer. We are interested how the primes distribute modulo
q. We observe that if p is a prime larger than ¢ and p = a mod ¢, then (a,q) = 1, then the
Prime Number Theorem in Arithmetic Progressions (see [24, Chapter 1] or [48, Chapter
17]) states that each residue class a (mod ¢) with (a,q) = 1 contains roughly the same
amount of primes. There are ¢(q) such residue classes, where ¢ is the Euler totient

function. More precisely, if we define

m(2;q,a) := #{p prime : p < x,p=a( mod q)},

then
Li(x)

o(q)

We say that the primes equidistribute in the ¢(q) residue classes.

m(x;q,a) ~

As observed by Riemann in his seminal memoir of 1859, the distribution of the primes
is strongly linked to the analytic properties of the Riemann zeta function. For Re(s) > 1,

we define

(=3~

ns’
n=1

Then ((s) admits meromorphic continuation to s € C. It follows that the Prime Number
Theorem is equivalent to the non-vanishing of {(s) on the line Re(s) = 1, see |48, Chapter
2]. The famous Riemann Hypothesis states that all zeros of ((s) in the critical strip

0 < Re(s) < 1 belong on the critical line Re(s) = 1/2. This would imply the error term

In(x) — Li(z)| < /2 log z,
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while the best unconditional bound for the error term is of the form
|m(x) — Li(z)| < xexp <_c(1og )3/ (log log :1:)‘1/5> 7

for some explicit constant ¢ > 0, see [34].

For the study of primes in residue classes modulo g, it is useful to define the Dirichlet

L-functions. Let x a character modulo ¢ and for Re(s) > 1, we define

L(s,x) = Z X(ZL)
n=1

n

These L-functions admit meromorphic continuation and functional equation, we refer to
Section [2.3| for details. The Prime Number Theorem in Arithmetic Progressions is equiva-
lent to the non-vanishing of L(1, x), for all characters y mod ¢ different from the principal
character. If we assume the Grand Riemann Hypothesis for L(s, x), then

™, a—i $1/20$.
(¢50,a) ¢@A< (log)

The estimate above is non-trivial only if ¢ < z1/ 2(logz)~!. Unconditionally, a bound is
given by the Siegel-Walfisz Theorem, see [24, p. 133]. If ¢ < (logx)?, for some A > 0,

then

~(s0) = 55| <4 gy

The examples highlighted above showcase how the distribution of the zeroes of ((s)
and L(s, x) have important implications in the distributions of primes. The L-functions
¢(s) and L(s, x) are examples of GL; L-functions. In this thesis, we will mainly work with
L-functions coming from GLs representations over Q. We will use their analytic properties

to obtain distribution results for automorphic forms.

1.1.1 Normal distribution in number theory

The normal distribution is one of the most fundamental concepts in mathematics, with
many applications to all branches of science. Its importance is highlighted by the Central
Limit Theorem, which roughly states that the average of a large number of independent
variables converges to the Gaussian distribution, see |3, p. 232]. The probability density

function for the standard normal distribution, i.e. with mean 0 and norm 1, is given by



1.1. Distribution results in number theory 11

\/%e_lﬂ/ 2 and its distribution function is

B(z) = \/12? / /2y

It is a common theme in number theory to study objects which intrinsically are not
‘random’ or ‘independent’, such as the primes or the values of the Riemann zeta function,
and to show that they satisfy random-like properties, such as obeying an asymptotic

normal distribution.

A cornerstone in this direction is the Erdds—Kac theorem, see [105] p. 348], [29, p. 18].
It states that, with appropriate normalisations, the distribution of the number of prime

divisors approaches the Gaussian distribution. We define the prime counting function

w(n) = Z 1. As N — oo, we have

pln

1 w(n) —loglog N
— < N : < — ®(y).
N#{n_ loglog N =Y )

This means that the values w(n) with n < N behave like a Gaussian distribution with

mean loglog N and standard deviation /loglog N.

Another important example is the Selberg Central Limit Theorem for the values of

the Riemann zeta function on the critical line, see [84] or [107]. As T" — oo, we have

1 1
Jmeas ({T <t <2T : log|C(1/2+it)| < yy/zloglogT}> — O(y),

where we use the standard Lebesque measure on the reals. In other words, on the dyadic

interval T' < t < 2T, we observe that log|((1/2 + it)| behaves like Gaussian with mean
value 0 and standard deviation \/%log logT'.

One of the most powerful methods in probability to obtain convergence to the normal
distribution is the method of moments, see |29 p. 59]. If we can show that the truncated k-
th moments of a sequence f(n) converge to the k-th moment of the Gaussian distribution,
then we can deduce that the sequence converges to the normal distribution. We denote

by
1 > k_—x2/2
my = —— z"e dx
F V2T /_oo
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the k-th moment of the standard normal distribution. Then my; = 0 for odd k and

k!
o 2k/2(k/2)1

oun for even k.

We define the truncated k-th moment as

1
B = 3 S

n<N
This means that if ]E?V f—myg| — 0 for all K as N — oo, then we obtain convergence in
distribution.

An alternate way to proceed is by using the Berry—Esseen inequality, see [105] p. 349].

We define the characteristic function

which is a function on the real parameter ¢. We observe that the derivatives F](\f: )(0)
produce the k-th moments defined above, hence we can view Fy(t) as a moment generating

function. Then we have for all T > 0,

| L2 F) <9}

1 T —t2/2 dt
N (y)| < +/ ‘e - Fn(t)]
yEeR -T

T i

The advantage of using the Berry-Esseen inequality over the method of moments is that
we can obtain explicit rates of convergence. However, it is often the case that the moments
are easy to compute and the characteristic function or the integral above are difficult to
work with.

In Chapter 3 of this thesis, we develop a new method to show that modular symbols
obey asymptotically a normal distribution using the Berry—Esseen inequality. In Chapter
4, we show that modular symbols are equidistributed modulo primes. For both cases, we

provide rates of convergence, which are presumably optimal.

1.2 Statement of the main results

In this section we give a brief description of the main results of this thesis. For the sake
of brevity, we do not provide full definitions and hence some statements may be weaker

or less complete than in the subsequent chapters. However, we pinpoint to the location
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where things are developed properly.

1.2.1 Normal distribution of modular symbols

Modular symbols are fundamental tools in number theory. They can be used to compute
modular forms, study elliptic curves, special values of L-functions and homology and
cohomology of arithmetic groups.

Let f be a holomorphic cusp form of weight 2 and level N. Then for r € QQ, we define

the raw modular symbol (r) € C and the plus/minus version (r)* € R

= [ ez = DDy W ED) (1.4)

The path of integration can be taken as the vertical line connecting r € Q to the
cusp at oo, and hence modular symbols can be viewed as periods of the cusp form f.
The plus/minus modular symbols correspond to integrating the real part/imaginary part
Re(f(2)dz)/Im(f(z)dz) of the 1-form f(z)dz. We refer to Section for a detailed
exposition of the construction and properties of modular symbols.

Mazur and Rubin [66] initiated the study of the arithmetic distribution of modular
symbols for congruence subgroups in order to study the excess rank of elliptic curves over
cyclotomic fields. They put forward a number of conjectures that have received a lot
of attention in recent years. We refer to Section for an overview of the arithmetic
statistics of modular symbols, where we describe these conjectures and the subsequent
work they inspired, which includes parts of this thesis.

Some of these conjectures are concerned with the value distribution of the modular
symbols coming from rationals with fixed denominator ¢. They suggest that, as ¢ — oo,

the values

{{a/c)t : a€(Z/cZ)*}

obey asymptotically a normal distribution. Additionally, they propose a law for the second
moment.

Petridis and Risager [79] obtained an average version of these conjectures with an
extra average over the denominators. In Chapter 3, we introduce a new technique to
study the distribution of modular symbols. Our new insight is to use the Berry—Esseen
inequality, an important tool in probabilistic number theory, and the perturbation theory

of the smallest eigenvalue of the Laplacian. Our approach gives convergence rates for the



1.2. Statement of the main results 14

distribution, and can be naturally extended to more general settings. We now state the
result of Petridis and Risager, which can also be proved using our method. We define the

sample space

Rd(X):{%]O<a<c§X,(a,c):1,(C,q):d}. (1.5)

Theorem 1.2.1. [79] Let f be a holomorphic cusp form of weight 2 and square-free level

q.

(i) There exists a constant Cy such that, for each fized d|q, the values

ot
{<Cflogx>1/2 ' TERd(X)}

have asymptotically a standard normal distribution as X — oo.

1) For each divisor d of q, there exists a constant Dy g4 such that, as X — oo,
f7

1
TR0 > () =Crlog X + Dya+o(1).
TGRd(X)

Our method can be extended to the upper half-space H3. We obtain the following
result for Bianchi modular forms and congruence subgroups of Bianchi groups.

Theorem 1.2.2. Let K be an imaginary quadratic number field of class number one. Let
n < Ok be a square-free ideal and F be a Bianchi modular form of weight 2 and level n.

Forr € K, let (r) denote the modular symbol corresponding to F. For d|n, set
Q(X)={a/ce K |a€ (Ok/(), (c)+n=0, 0<|c|] < X}.
(i) There exists a constant Cg such that the data

a (a/c)
Q(X) = R, P = W,

has asymptotically a standard normal distribution.

(ii) There exists a constant Dpy such that

1 a\?2
e, (& ooy
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We refer to Theorem for a more general version of this theorem. We prove a
version that holds for all cofinite Kleinian groups I' < SLy(C) with further restrictions on

the location of the cusps.

1.2.2 Equidistribution mod p

We note that if f is a newform of weight 2 and level N, as we vary along r € Q, the

+ is a lattice in R. Let Q% and Q~ be the real and imaginary periods of

image of r +— (r)
f, which are normalising factors that dilate these lattices to Z. Consider the normalised

modular symbol

Mazur and Rubin [65] also conjectured that the normalised modular symbols [r|T equidis-
tribute modulo p as we vary along fractions with fixed denominator. Lee and Sun [57]
proved an average version of the conjecture using dynamical methods. In joint work with
Nordentoft, we show that modular symbols coming from a basis of newforms obey a joint
equidistribution when we also average over denominators. We view [r]* and [r]~ as ran-
dom variables on the space Rq(X) defined in and we also allow restriction on the
location of r € R/Z. We denote by [r]f the normalised modular symbol coming from the

cusp form f.

Theorem 1.2.3. Let fi,..., fq a basis of newforms for Sa(Lo(q))new- The random vari-
ables [r]i defined on the sample spaces Ry(X) converge in distribution to the uniform
distribution on (Z/pZ)** as X — oo. More precisely, for any fived a € (Z/pZ)** and any

interval I C R/Z, we have

4 {a/c € Ra(X)N1I | ([a/c]],... la/c]7,) = a mod p} 1]
FRa(X) = pua o)

as X — oo.

In addition, we obtain the rate of convergence to the uniform distribution by evalu-

ating a mean-square type sum.

Theorem 1.2.4. Fiz f € So(I'o(N))new - For large enough p, there exist constants cp, 6, >
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0 such that, as X — o0,

oy

1€7,/pZ

#{a/c € Ry(X) | [a/c]jcE = mod p} 1 2 e
#Rq(X) p ? '

Furthermore, we have for X large enough (depending on p),
{a/c € Ry(X) | [a/c]]jcE =1l mod p}| < |{a/c € Ry(X) | [a/c]]jcE =0 mod p}|

with equality if and only if I =0 mod p.

Remark 1.2.1. We can compute the constants ¢, and ¢,, explicitly, see Sectionfor more
details. The second part of the theorem shows that modular symbols obey an interesting
phenomenon, which we can compare to the Chebyshev biases for primes. The residue class

0 (mod p) will always contain more elements than any other residue class.

We also prove a special case of the conjecture when we consider modular symbols of

fixed denominator, see Section [£.3] for more details.

Theorem 1.2.5. Let (N,p) a pair of ‘admissible primes’with p | N — 1. Then there exists
f € S2(To(N)) such that the values {[a/c]* | a € (Z/cZ)*} equidistribute exactly modulo p,
for all c =0 mod N. This means that for all | € (Z/pZ), the equation [a/c]* = I(mod p)
has exactly ¢(c)/p solutions for a € (Z/cZ)*.

We refer to (4.9) for the definition of an admissible pair. Note that all pairs of
primes (N,p) with N < 250 such that p > 5 and p|N — 1 are admissible unless N =
31,103,127,131, 181,199, 211.

1.2.3 Higher dimensional hyperbolic spaces

We can also extend the distribution results for modular symbols to the n-dimensional hy-
perbolic space H™. As we see in Section there is a correspondence between modular
symbols and elements of cuspidal cohomology Hl,,(To(N),R) (we assume [o(N) acts
trivially on R in these cohomology groups). We use this point of view to obtain general-

isation for H". We let I" < SO(n, 1) a cofinite discrete group acting on H". We refer to
Section for an introduction to the geometry of the quotient space I'\H".

Theorem 1.2.6. (i) Let w € HL (T,R). Then the values of the map T's,\I'/Too — R

cusp

given by v — w(7y) are asymptotically normally distributed with respect to a ‘natural
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arithmetic ordering’of T'so\I' /T .

(it) Let wy, ... ,wg € Hy (T, Z/pZ) be ‘linearly independent’. Then the random vari-

ables v — (wi(7),...,wa(y)) are asymptotically uniformly distributed on (Z/pZ)?

with respect to the same arithmetic ordering of I'so\I'/I's.

We refer Sections [2.7] and [£.7] for rigorous statements and definitions.

1.2.4 Quantum Unique Ergodicity

Mass equidistribution of eigenfunctions is a central topic in quantum chaos and number
theory. Let X = SLy(Z)\H. In [87], Rudnick and Sarnak conjectured that normalised
Maafl cusp forms ¢ of eigenvalue A\ obey Quantum Unique Ergodicity (QUE) as A —
oo. This means that, as A — oo, the measures py := |¢>(z)\2d§# approach the uniform

distribution measure %dz;ly. Lindenstrauss [59] showed that for Hecke-Maaf} forms, the

only possible limiting measures are of the form %c%, with 0 < ¢ < 1, and Soundararajan

[101] completed the proof of QUE for Hecke-Maa$ forms, showing that ¢ = 1. In [44],
Holowinsky and Soundararajan prove QUE for holomorphic Hecke eigencusp forms, which

we state below.
Theorem 1.2.7. [}4] Let f be a normalised Hecke eigencusp form of weight k. For any
¢ smooth and bounded on X,

<¢yk/2f’yk/2f> - voliX) (¢,1) +0(1), as k— oo.

In Chapter 5 we generalise these results to off-diagonal terms, where we consider
two different eigencusp forms f and g of weights ki and ko respectively. We show that
correlations of masses dissipate as kiks — oco. Denote by Fy (z) := y*/2f(z) and
G, (2) := y*2/2g(2), which are eigenfunctions of the Laplacians of weight k; and ks respec-
tively. Since f and g may have different weights, we need to employ raising and lowering
operators. We let RZ? be an isometry from the space of automorphic forms of weight k;
to forms of weight ks given by successive applications of raising/lowering operators, see

(5.22) for a precise definition. We prove the following theorem.

Theorem 1.2.8. Let f and g be L?>-normalised holomorphic Hecke cusp forms of weights
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k1 and ko respectively with k1 < ky. Let

L iff=ug;
Of=g =
0, otherwise.

(i) Fiz any ¢ € Cp(I'\H). Along any sequences of such f and g, we have
ko
<d) (Rle]ﬂ) Gk2> — (Sf g ( ) <¢), > as k:g — OQ.

(i) Fizl a nonnegative integer and let ¢ a square-integrable automorphic form of weight
l. Then

(0Fi, Gry1) — 0p— 05 ($,1) as k— oo.

( )

Remark 1.2.2. Theorem m(1) corresponds to a generalisation of Quantum Unique Er-
godicity by classifying the possible quantum limits of Hecke cusp forms when we project
back to the modular surface. That is, along any sequence of holomorphic Hecke eigenforms
of increasing weight, we show there are two possible limit points. Part (ii) corresponds to
going along a sequence where the difference in weight is fixed. We can moreover let the

difference [ grow with &, see Remark for details.



Chapter 2

Background material

In this chapter we present the background material upon which we develop the later
chapters. We give a brief introduction to the properties of Fuchsian groups and quotient
surfaces, automorphic forms, L-functions and modular symbols. We introduce key ingre-
dients in our toolset, such as Eisenstein series, Kloosterman sums or the spectral theory
of automorphic functions. Lastly, we discuss brief generalisations to higher dimensional

hyperbolic spaces.

2.1 Geometry of the upper half-plane H

We refer to [47], [53], [98] for comprehensive accounts on the properties of the hyperbolic

upper half-space and Fuchsian groups. We consider the upper half of the complex plane
H:={z=z+1iy : z€R, y >0}

The hyperbolic plane H becomes a Riemannian manifold when equipped with the hyper-
bolic metric
ds?® = L—I;dgf
Yy
The correponding volume element is given by

dxdy

dp = .
Y2

The Laplace-Beltrami operator A acting on H is given by

0? 0?
2
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a b
The group SL2(R) acts on H by linear fractional transformations. If v = €

SLo(R) and z € H, we have
az+b
el

V(Z):CZ—Fd °

We extend H by adding the real line and the point at infinity {oc}, to obtain H* :=
HURU {oco}. The action of SLa(R) can be extended naturally from H to its boundary
RU{oo}. Since v and —~ describe the same motion, the group PSLa(R) := SLy(R)/{£I}
describes the orientation-preserving isometries of H*. The Laplacian commutes with all
isometries, i.e. for all v € SLy(R) and z € H, we have A(f(vz)) = (Af)(vz2).

The non-identity linear fractional transformations are classified into three categories.
Let v € SLo(R) \ {£1}.

1 A
e 7 is parabolic if Tr(y) = £2. Then ~ is conjugate to a matrix of the form ,

0 1
which corresponds to the translation motion z — z + A. Parabolic motions have one

fixed point on R U {oo}.

e ~v is elliptic if |Tr(y)] < 2. Then 7 is conjugate to a matrix of the form

cos sind ] )
, for some 0 < 6 < m, which corresponds to rotation of angle

—sinf cosf
260 around i. Elliptic motions have one fixed point on H.

0
o 7 is hyperbolicif | Tr(+y)| > 2. Then + is conjugate to a matrix of the form )
0 A~

which corresponds to the dilation motion z + A?z. Hyperbolic motions have two

fixed points on R U {oo}.

Now consider I a Fuchsian subgroup of SLa(R), that is a group I' that acts disconti-
nously on H, in the sense that the orbit of any point in H has no limit points in H. We
assume that the group I' is Fuchsian of the first kind, meaning that every point on the
boundary R U {oo} is a limit point of an orbit I'z, for some z € H.

A set F C H is a fundamental domain for T if

(i) distinct points in F*° (the interior of F') are not I'-equivalent, i.e. if z,w € F° and

~v € I such that z = yw, then z = w and v = +1;
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(ii) any orbit of I' contains a point in F' (the closure of F), i.e. for any z € H, there

exists v € I' and w € F such that w = yz.

The fundamental domain is not unique, however all fundamental domains have the

same volume

vol(T') := |F| = /Fd,u.

The volume of a Fuchsian group of the first kind is always finite, we call such a group
cofinite. A fundamental domain of I can be chosen as a hyperbolic polygon with vertices
in H* such that edges are identified in pairs by elements of I'. The group I' is called
co-compact if the fundamental polygon is compact. A cofinite group I' is co-compact if

and only if it has no parabolic elements, see [47, p. 42].

Assume that T" is not co-compact. A point a € RU {occ} is called a cusp of T" if there
exists a parabolic element «v € T" such that ya = a. The stability group of a cusp a is the

infinite cyclic group of parabolic motions
Iyi={yeTl : va=a}.

There exists a scaling matriz o4 € SLa(R) such that 04,00 = a. For Y > 0, we denote by

Fy(Y) the cuspidal sector
F,(Y):=0{z=2+iyeH : 0<z<1l,y>Y}.

Let aj,...a; be representatives for the equivalence classes of cusps of I'. For Y large

enough, we have a fundamental domain F' of the form

k
F=Fy)ulJFy (),
j=1

where F(Y) is a compact set.

Let T' a be cofinite group. Then the quotient space I'\H can be given a complex

structure and identified as a Riemann surface.
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2.1.1 Double coset decomposition and Kloosterman sums

Let I be a cofinite group with cusps. Let a, b be two cusps (not necessarily) distinct with

corresponding scaling matrices o4 and o,. We have that

. . 1 b
0y Taog =0, Thop =T'c = 1 bez

We are interested in partitioning the set o, 'I'o, into double cosets with respect to T'oo.

We first look at the subset with fixed point at oo, that is

x %k 1
Qoo = c€o, Loy
0 =
a b a p
Now, for ¢ > 0, fix some wy/. = € o;Top. Then if is in the double
c d v 0

coset I'oowy/cl'oo, then v = ¢ and o and ¢ are determined uniquely modulo c¢. We have

the following decomposition into a disjoint union

aa_lfab = 0ap§200 U U U Loowq /el oo, (2.1)

c>0a mod ¢

a *
where a and ¢ run over numbers such that € o, Top and

c *

1, if a and b equivalent;
5ab =

0, otherwise.

We denote by Typ a system of representatives of the double cosets in I'n,\oy 'T'op /T with

positive lower-left entry. Also, we define

a b
Rp:=¢—mod1 : € Tuwp
¢ c d
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Then the map
Tap = Rap, 7+ oo mod 1,
is well-defined and bijective. Hence we can write the decomposition (2.1]) as

a;lf‘ab = 0500 U U Tsowr 5o

r€Rqp
It is useful to define
* k
Caob=4¢c>0: €T o - (2.2)
c *

Let m,n € Z. The Kloosterman sum is defined as
Sap(m, n;c) = Z e (ma—l—nd) (2.3)
ab PR = c . .
(&)t

Kloosterman sums are central objects in analytic number theory, for example they are used
to understand the Fourier coefficients of cusp forms, as we will se later. If I' = SLy(Z),

there is only one cusp and we have the classical Kloosterman sum

Stmme)= > e (W) .

ad=1 mod ¢

We mention the far-reaching Weil bound
|S(m, n;c)| < (m,n,e)"?r(c)c?, (2.4)

where 7(c) is the divisor function. This bound gives us square-root cancellation for Kloost-

erman sums and it follows from the Riemann hypothesis for curves over finite fields.
It is useful to define the Dirichlet L-series

(HEN oo

Loo(ssmn) = Y e <W> =3 S(”;”c) (2.5)

The analytic properties of Lqp (s, m,n) appear in the Fourier coefficients of Eisenstein series

and their analytic properties play an important role in Chapters [3| and
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2.1.2 Congruence groups

The most important examples of cofinite Fuchisan groups and most interesting from an
arithmetic point of view are the congruence groups. The first example is the modular

group SLa(Z) with its fundamental domain
{z=x+1dy : || <1/2,|z| > 1}.

The quotient surface SLo(Z)\H is called the modular curve and has one cusp at co. We
have that vol(SLa(Z)) = 3/m.
Let N be a positive integer. The principal congruence group of level N is the subgroup
10
I(N): =< vy€eSLa(Z) : v= mod N
0 1
A subgroup I' such I'(N) C T C SLy(Z) is called a congruence group of level N, where N
is the smallest integer with this property. The most important example for us is I'o(N),

the Hecke congruence group of level N
b
[o(N) := € SLe(Z) : ¢=0mod N

One can see that

[SLa(Z) : T(N) = N*[[ (1 —=p™®) and [SLy(Z):To(N)]=N]J[(1+p7"),
pIN pIN
see [98] p. 25] ot [47, p. 48] for details and for description of the cusps of such groups. An
important particular case for us is presented by square-free integers IV, when a complete
set of inequivalent cusps of I'g(V) is given by 1/d with d|N. The cusp 1/N is equivalent
to the cusp at infinity. In this case, we have that

R

o0

:{% €Q/Z (a,c)zl,(c,q):d}.

1
d

Therefore we have a nice arithmetic description of double coset representatives, see the
parallels with the set (1.5 defined in the introduction upon which we obtain distribution

results for modular symbols.
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2.2 Automorphic forms

2.2.1 Holomorphic modular forms

Let k be an integer. We definte the weight k right action of GL2(R) on functions f : H — C
by

a b
(fle7)(2) == (cz + d)"* f(v2)(ad — be)*/?,  where v = ; € GL2(R).

This is a well-defined action, in the sense that f|x(v172) = (flg71)|k7y2, for all 1,72 €
GL2(R).
Fix I" < SL2(R) be a cofinite group with cusps.

Definition 2.2.1. A holomorphic modular form of weight k for I' is a holomorphic func-
tion f: H — C such that

(i) fley=Ff, for ally €T
(ii) f is holomorphic at all cusps of T.

The condition (ii) means the following. For a cusp a of I', we define f; := f|xoq. Then
fa is invariant under o, 'T'o,, which corresponds to translations z — z + h, where h is the
width of the cusp a. Hence we can write fy(2) = Fy(e?™*/"), where F(q) is meromorphic
in the domain 0 < |¢| < r, for some r > 0. Condition (ii) means that Fy is holomorphic

at ¢ = 0. Therefore f, has Fourier expansion

falz) = fa(m)e(nz/h).
n>0
If, moreover, fa(O) = 0, we say that f vanishes at the cusp a. If f vanishes at all cusps,
we call it a cusp form. We denote the space of holomorphic modular forms of weight & for
I' by Mp(I"). In addition, we let Si(I") the subset of My(I") denote the space of weight k
cusp forms for T'.

We note that, if f is a modular form of weight 2 for I', then f(yz)d(vz) = f(z)dz, for
all v € I'. Hence f(z)dz is a I'-invariant holomorphic one-form. This gives a correspon-
dence between Si(I') and regular differential one-forms on I'\H, which a key fact in the
construction of modular symbols, see Section [2.4.1]

We can easily check that if f € Si(T), then y*/2|f(z)| is I-invariant and bounded

on H (the converse is also true, in the sense that if y*/2|f(z)| bounded on H, then f(z)
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vanishes at all cusps of I'). More generally, we note that if f,g € Sk(I"), then the function
y* f(2)g(z) is T-invariant. Hence we can define the Petersson inner product on Si(T) given
by
()= [ o $()aCrdn
I\H

We next proceed to construct the fundamental examples of holomorphic modular
forms, which are the Eisenstein and Poincaré series. To keep the notation light, we define
the series associated to the cusp at oo, but we can do similar constructions for all cusps.

Let k£ > 2 and define the Eisenstein series

Then Ej(z) converges absolutely, and hence is holomorphic in H, and is clearly modular
by definition. It follows that Ej € My(I"). Now fix an integer m > 0. The m-th Poincaré

series of weight k is given by

P(z) := Z (cz +d)*e(myz).

=4 })erse\r

For m = 0, we have that P,,(z) = Ek(z) and for m > 0, P, (z) € Si(T'), see [48, p.
358]. Moreover, if f € Si(I') has Fourier expansion f(z) = ), ane(nz), then a simple
application of the unfolding principle, see |48, p. 359], shows that

T(k—1)
ﬁan.

<faPm>:

(4mm

As a consequence, we see that the Poincaré series span Si(I'). It is interesting to mention
that the Fourier coefficients of Poincaré series are closely related to Kloosterman sums,
see |90, p. 23] for details.

We define the Hecke operators T, on functions f : H — C by

T f(2) = Z <%>k Z f(az;b)

ad=n 0<b<d

Then the following properties hold, see [46, Chapter 6], [90, p.29]:

(i) Tn = T Ty if (myn) = 1;



2.2. Automorphic forms 27

(ii) If p prime, then
TpnTp = Tpn+1 + pn_lTpn—1;

(iii) If (m, N) = 1, then T,,, acts on So(I'o(N)) and it is self-adjoint, i.e

<Tmfag> = <f7 ng> ) for all fag € Sk‘(FO(N))a

(iv) If f(2) = >_,>1 a(n)e(nz) is an eigenform of all Hecke operators T}, with eigenvalues
A(m), then
a(n) =a(l)n 2 A(n), for all n.

We note that if f € Si(Io(M)), for some M|N, then the function z — f(dz) belongs
to Si(T'o(NN)), for any d divisor of % We denote by Si(I'o(N))oa the space of oldforms,
which is composed of such functions for proper divisors M of N. We denote its orthogonal
complement in Si(T'o(N)) by Si(To(N))new, which is the space of newforms. Then there
exists a basis of Si(I'g(IV))new consisting of eigenfunctions of T}, for all p f N, see [11,
Theorem 1.4.5].

Lastly, we mention the Atkin—Lehner involutions. Let e a divisor of N and let W,

ae
any integral matrix of the form which has determinant e. Then the matrix

cN de
W, normalises T'g(IN) and we have that W2 € e['g(V), hence the action of the matrix W,

is an involution. Moreover, the action of W, on Si(I'g(/V)) commutes with the action of

all Hecke operators.

2.2.2 Maal} forms

In this subsection we highlight a different kind of automorphic functions that have more
straightforward transformation rules, but are not necessarily holomorphic. Maaf} forms are
key ingredients in the hammonic analysis of T'\H. Our main reference for this subsection
is [47].

Fix I a cofinite Fuchsian group. We denote by A(I'\H) the space of automorphic
forms with respect to I', that is functions f : H — C that satisfy

f(yz) = f(z), forallyeT.

Hence these are functions on the Riemann surface I'\H. Let £(I"'\H) denote the space of



2.2. Automorphic forms 28

automorphic forms that are square-integrable. On L£(I'\H) we define the inner product

(f,9) = f(2)g(z)dp. (2.6)

I\H

A function f € A(T'\H) that is an eigenfunction of the Laplace operator A is called a
Maaf form. Denote by A(s) := s(1 — s). Then we denote by As(I'"\H) the space of Maaf}

forms with eigenvalue A(s), i.e. automorphic forms which satisfy

One of the goals of this section is to show the decomposition of L(I'\H) in terms of

eigenfunctions of A. It is useful to define
B(I\H) :={f € L(I'\H) : f and Af smooth and bounded}.

Then A acts on B(I'\H) and B(I'\H) is dense in £(I"\H).
2.2.2.1 Eisenstein Series

Our first example of a Maaf form is the (nonholomorphic) Eisenstein series. Fix a a cusp

of I". For Re(s) > 1, we define

Eqi(z,s) := Z (Im o, 1yz2)%.
YEL\T
Then Eq(z, s) is an eigenfunction of A with eigenvalue \(s), but it is not square-integrable.

If a and b are cusps for I', we have the Fourier expansion [47, p. 66]

Ea(O'bZ, 5) = 5abys + Qbab(s)yl_s + Z y1/2¢ab(n7 S)Ks—1/2(27r‘n‘y)e(nl‘)a (27)
n#0

where

s) = 7r1/211(3 —1/2) s
¢ab( ) F(S) Lab( 7Oa0>7 (2,8)

Gab (n, S) = TFSF(S)_I |n|s_1/2Lab(5a 0, n),

where the series Lgp(s,m,n) is defined in (2.5) and K(y) is the K-Bessel function as
defined in |47, Appendix B.4].
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The Eisenstein series Eq(z, s) admits meromorphic continuation to s € C and func-
tional equation, see [47, Chapter 6]. There are finitely many poles in Re(s) > 1/2 and
they are all simple and belong to the real segment (1/2,1]. If s; is such a pole, we denote
the residue

Uag,s;(2) 1= Ress=s; Ea(z, ).

Then ugs;(2) is a Maaf form and moreover it is square-integrable. The residue functions
play an important role in the spectral decomposition of £(I'\H). In Chapter 3, we use the
analytic properties of ug s;, where we work with an additional continuous family of twists

coming from modular symbols.

The point s = 1 is a simple pole of E4(z, s) and the residue is the constant function

1
vol(T)’

Ug1(2) = for all cusps a.

The Selberg FEigenvalue Conjecture predicts that for congruence subgroups I'g(NNV), the
first non-zero eigenvalue of A acting on L£(I'g(N)\H) is at least 1/4. By the above, this
would imply that s = 1 is the only pole of E,(z,s) in the region Re(s) > 1/2. However,
there exist non-congruence subgroups I' such that A has eigenvalues arbitrarily close to

0, see |47, p. 182].

We denote by R, (I'"\H) the space spanned by the residues of all Eisenstein series at
s = sj, hence the dimension of R, (I"\H) is at most the number of inequivalent cusps of
I'. Also, we denote by R(I'\H) the subspace spanned by all residues s; in the interval
1/2 < s; < 1, which is called the residual spectrum. Therefore we have the orthogonal

decomposition

R(O\H) = € R, (T\H).

1/2<s;<1

We now briefly mention the functional equation for the Eisenstein series. Let
ai,...,a, be representatives for the inequivalent cusps of I'. Denote by £(z, s) the column
vector of Eisenstein series Eq, (2, s) and the h x h scattering matrix ®(s) = (¢ap(s)), where

®ap(s) apper in the 0-Fourier coefficients ([2.8)). Then we have

E(z,5) =D(s)E(z,1 —s). (2.9)



2.2. Automorphic forms 30

Moreover, the scattering matrix satisfies

O(s)P(1 —s) =1d.

We now introduce the incomplete Fisenstein series. Let 1) be a smooth function and

compactly supported on RT. We then define

Ea(zly) == ) ¢(Imo, 'yz). (2.10)

YelN\T

Then E4(z|1) is a bounded automorphic function, and hence E4(z|¢) € L(T'\H). However,
it is not a MaaBl form since it is not an eigenfunction of A. We denote by E(I'\H) the

space of incomplete Eisenstein series.

We can represent Eq(z|1)) as a contour integral of the standard Eisenstein series. Let

U(s) be the Mellin transform of ¢ given by

U(s) = /OOO W(y)y*dy.

Then, for ¢ > 1, we have
Eo(z|Y) = 1/ Eq(z,5)¥(—s)d
a 2mi o) alz, s s.

We see that the Laplacian A acts on £(I'\H). We can decompose £(I'\H) in terms
of residual spectrum R(I"'\H) and the Eisenstein series at Re(s) = 1/2. Let {u;} be an
orthonormal basis for R(I"'\H). We quote [47, Theorem 7.3]. Every f € £(I'\H) has the

expansion

F(z) = {frus)uy(z) + Zjﬂ/_oo (f,Ea(-,1/2 +ir)) Ea(-,1/2 + ir)dr.  (2.11)

J
2.2.2.2  Cusp forms

We note that if f € L(I'\H), for each cusp a, we have a Fourier expansion

floaz) = fa(y) + Z fan(y)e(nx)'
n#0
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We let C(I'\H) the subspace of B(I'\H) of automorphic forms that vanish at all cusps, i.e.
C(T\H) = {f e B(T\H) : f, =0, for all cusps a}.

Elements of C(I'\H) are called cusp forms. Then A acts on C(I'\H) and we have the

orthogonal decomposition

B(I\H) = £(T\H) @5 ¢(T'\H). (2.12)

The Laplacian A has pure point spectrum on C(I'\H), see |47, Chapter 4]. Therefore this
space is spanned by eigenfunctions of A, which are called Maaf cusp forms. Hence there
exists an orthonormal basis {u;} of C(I'\H) composed of Maafl cusp forms such that, for

all f € C(I"'\H), we have
F(z2) = (fruy) uj(2).

J
Using (2.12]) and the results from the previous subsection, we obtain the harmonic spectral
decomposition of B(I'"\H).

If ¢ is a Maa8 cusp form with eigenvalue 1/4 4 r2 = A\(1/2 + 4r), then we have the

Fourier expansion of the type

0(2) =y ) p(n)Kir(2m(nly)e(na), (2.13)

n#£0
where p(n) are the Fourier coefficients, see |11, p. 106]. The theory of Hecke operators
for Maaf} cusp forms is very similar to that of holomorphic forms, see |28, Section 6]. If
@ is a Maafl form which is also a Hecke eigenform for all Hecke operators 7;,, when we
call p a Hecke—Maafl eigen cusp form. Its Fourier coefficients are given in terms of Hecke

eigenvalues \(n):

p(n) = p((=1)")A(|n|)[n| /2.

As in the holomorphic case, for congruence groups I'o(N), there exists an orthonormal

basis of C(I'o(N)\H) composed of Hecke-Maaf} cusp forms.

Remark 2.2.1. In Chapter 5 we work with a slightly more general automorphic forms of
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weight k. These are functions f : H — C which transform by

f(v2) = 3y (2)"f(2), forallyeT, (2.14)
4 cz+d . kX
where j,(z) = e td with v = e We denote by L;(I'\H) the space of square-
c

integrable weight k automorphic forms. In Section we explain in detail the spectral
decomposition of L (SL2(Z)\H) in terms of Maaf forms of weight k, which are eigenfunc-
tions of the Laplcian of weight k£ given by

0? 0? 0
A= (L ) il
k=Y <0$2+8y2> " O

2.3 L-functions

2.3.1 Definitions and basic properties

We begin by reviewing some properties of L-functions. Our main references for this section

are [48, Chapter 5], [11, Chapter 1] and [46, Chapter 7].

Definition 2.3.1. A meromorphic function L(s, f) is called an L-function if it satisfies

the following properties.

o L(s, f) admits a Dirichlet series with an Euler product of degree d

d
s = S =TT (-

n>1 p j=1

which is absolutely convergent for Re(s) > 1.

o We write

Loo(s, f) = N*? ] Tr(s + ),
j=1

where Tg(s) := 7%/?T'(s/2), N = N(f) € Z* denotes the conductor and yi; € C are

some parameters with Re(pj) > 1. Then the completed L-function

admits analytic continuation to s € C with poles at most at s = 0 and s = 1.
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Moreover, it satisfies the functional equation

A(37f) = '%A(l - S,f),

where k = Kk(f) is a complex number of absolute value 1 (the root number).
If L(s, f) is a L-function, then we define the analytic conductors C(f) and C(f, s)

d d
H1+|uj and C(s H + |+ s]). (2.15)

We say that the L-function L(s, f) satisfy the Ramanujan—Petersson conjecture if |o; (p)| =
1 for p|N and |o;(p)| < 1 otherwise. As we will see later, this assumption has important
consequences. However, the Ramanjuan—Petersson conjecture was only shown to hold for
some particular families of L-functions, even though we expect it to hold for all L-functions

coming from automorphic representations as part of Langlands philosophy.

A central theme in analytic number theory is the study of special values of L-functions
and the analytic properties of L(s, f). The most important conjecture in this direction is
the Grand Riemann Hypothesis (GRH for short), a conjectural statement about the zeros
of L-functions with many important implications [48, Chapter 5.9]. It states that all zeros

of an L-function in the critical strip 0 < Re(s) < 1 are on the critical line Re(s) = 1/2.

We next highlight some examples of L-functions. We begin with the Riemann zeta

function {(s) given by

RO -

n>1

for Re(s) > 1. It is closely related to the Riemann xi function

£(s) = 53(s = ) 2r (5) ¢lo),

which is entire for all s € C and has functional equation £(s) = (1 — s).

Our next examples are the Dirichlet L-functions L(s,x). Let x be a primitive char-

acter modulo ¢ and define

X)) 1
=2 ns 11 1 —x(p)p~*

n>1 p
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for Re(s) > 1. Then L(s, x) is an L-function of degree 1, conductor ¢ and gamma factors
Leo(s,x) = ¢"/*Tr(s +4),

where 6 = 0 if x(—1) =1 and § = 1 if x(—1) = —1. Its root number is x(x) = 7(x)/\/q,
where 7(x) is Gauss sum associated to the character y. The L-functions L(s, x) correpond

to automorphic representations of GL; over Q.

We next move to L-functions arising from cuspidal representations of GLay over Q,
which correspond to holomorphic cusp or or Maafl cusp forms. Let f € Sg(I'o(N)) be
a holomorphic cusp form of weight & and level N. Let f(2) = > -, ap(n)e(nz) be the

Fourier expansion at infinity. We normalise by writing
ar(n) = af(l))\f(n)n(kfl)ﬂ.

Thus, if f is a Hecke cusp form, then A¢(n) are the Hecke eigenvalues. For Re(s) > 1, we

define Loy =30 1 (1 - af<m>‘1 <1 B 6f<p>>‘1‘
e p e

n>1 P

Then L(s, f) is an L-function of degree 2 and conductor N. By definition, we have the

factorisation of Hecke polynomials

L=X(p)p™ +p™ 2 = (L—ayp)p™) (1 - Br(p)p™°).

By work of Deligne [25], we know that |as(p)| = |Bf(p)| = 1, for all primes p not dividing
N, hence L(s, f) satisfies the Ramanujan—Petersson conjecture. The gamma factors of

L(s, f) are given by
Loo(f,s) = N*/?Tg(s + (k — 1) /2)Tr(s + (k +1)/2).

This implies that

1
o(f) = N%@ = NK2.

Similarly, let ¢ be a Maafl form of level N which is an eigenfunction of the Laplacian

with eigenvalue A(1/2+ir) = 1/4 + 72, for some r € R. As in (2.13), we write the Fourier
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expansion at oo as

p(2) = vy Y p(n)Kir(2mlnly)e(n)
n#0

and we associate the L-function

L(s,p) = Z pr(;b) = H (1= pp)p~>+p~>)
P

n>1

of degree 2 and conductor N. Gamma factors are given by
Loo(s, ) = N*/?Tg(s + 6 4 ir)Tr(s + 6 — ir),
where § = 0 if ¢ even and § = 1 if ¢ odd. Therefore the analytic conductor is
Clp) = N(1 46+ |r|)* < Nr?.

In contrast to holomorphic cusp forms, it is not known that L(s, ) satisfy the Ramanujan—

Petersson conjecture. The best known bound is due to Kim and Sarnak [55], who prove

law(p)]; 18, (p)] < p7/%.

2.3.2 Rankin—Selberg convolution

For simplicity of exposition, we work with I' = SLy(Z). The theory can be generalised to
all congruence groups, however extra care needs to be taken for local factors at primes

dividing the level.

Let f and g cusp forms, holomorphic or Maafl. We then have the Rankin—Selberg
convolution L(s, f x g) given by the the following Euler product for Re(s) > 1:

It admits analytic continuation to all s € C and it has a simple pole at s = 1 if and only

if f =g. We can check that, for Re(s) > 1, we have

A (m)g ()

nS

L(s, f x g) =C(25) Y

n>1
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Now assume f and g are holomorphic cups forms of weights k1 and ko respectively, with

k1 < ko. Then Loo(s, f X g) is given by

k k k k ko — k ko — k
I‘R<s—|— 1—; 2>FR<S—|— 1; 2—1>FR<S—|— 22 1>FR<S—|— 22 l—l—l).

(2.16)

This implies that
C(f xg)= (k1 +ko)2 (1 + kg — k)% (2.17)

We refer to |48, p. 133] for expressions of L (s, f X g) in the case that f and g are both

Maafl forms or they are mixed holomorphic and Maaf.

If f,g are holomorphic cusp forms of weight k, we have the very useful integral

representation

(4m)' = (s + k — 1)af(1)ag(1)w = /F\H V()9 E(z, 8)dp,  (2.18)

which follows from the now classical Rankin—Selberg unfolding method. We can obtain a
similar statement for Maafl forms, also see Proposition for a statement about mixed

weights.

When f = g, we define the symmetric square L-function

L(s,sym2f) =[] (1O‘f<p)2>_1 <1 W>_l <1pls)_1 _ C(ls)L(f < f.5) .

” p’ p’
The Gamma factors are
Loo(s,sym?f) = Tr(s + 1)Tr(s + k — 1)Tr(s + k),
if f is holomorphic of weight k£ and
Loo(s,sym?f) = Tr(s + 1)I'(s + 2ir)T(s + 2ir),

if f is MaaB form with eigenvalue 1/4 + r2. As a consequence of (2.18]), we see that for
f € Si(T'), we have [48], (5.101)]

C@)m)* (£, f)
['(k)L(1,sym?2f)vol(T)

lap ()] = (2.19)
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In particular, this implies that L(1,sym?f) > 0. The size of L(1,sym?f) plays an impor-
tant role in Chapter 5 in relation to the QUE for holomorphic cusp forms.

Similar to the definition of L(s, f X g), we can define the triple convolution L-function
L(s,¢1 X ¢p2 X ¢3), where ¢; are holomorphic/Maafi cusp forms. This will be a degree 8
L-function. If ¢; € S, (T") are L?-normalised Hecke cusp forms such that ki + ko = ks,

then Watson [110] obtains the beautiful integral representation formula

A(1/2, 01 % ¢ X ¢3)
1,sym2¢1)A(1, sym2p2) A(1, sym2¢3)

908 = (2.20)

Ichino [45] has generalised this to general automorphic representation of GL2 over number
fields. In Section we will use an equivalent form of (2.20]) for mixed Maaf} forms and

holomorphic cusp forms of different weights.

2.3.3 Subconvexity results

It is of great interest to obtains bounds for the growth of L-functions L(s, f) on the critical

line Re(s) = 1/2. We begin by mentioning the convezity bound [48, (5.21)]
1. e lae
L §+2t,f <L C(1/2+1t, f)a™e,

which follows from the Phragmén—Lindel6f convexity principle. Any result of the form

L G + it,f) < C(1/2+it, )15,

for some § > 0, is called a subconverity result. Subconvexity of L-functions has many
implications for equidistribution and QUE type problems, see for example [27]. We note

that, assuming that the Riemann hypothesis holds for L(s, f), we have
1
L <2 + it, f) <L C(1/2+1t, f)". (2.21)

The conjecture (2.21)) about L(s, f) is called the Lindeldf hypothesis.

The first subconvexity result is by Hardy—Littlewood—Weyl for the Riemann zeta
function, see [48| p. 204]. They show that

| L
C<2+it> <o (1+[t)ste.
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The current best result is by Bourgain [7], who improved the exponent to 53/342. The
literature on subconvexity results is vast and fast expanding, see for example 28], [69], [81]

for GL; and GLg results and [58], [71] for results in more general settings.

In particular, we mention the following result of Soundararajan |102]. If we assume

that the Ramanujan—Petersson conjecture holds for L(s, f), then

1 C(f)V/*

(log(C(f))
This is called a weak subconvezity result, since there is no power saving in the exponent,
only a logarithmic saving. However, this is enough to apply it towards QUE for holomor-
phic cusp forms, as seen in [44]. In Chapter 5, this weak subconvexity result plays an

important role in our work for dissipation of masses of holomorphic cusp forms.

2.4 Modular symbols

Modular symbols are certain periods of weight 2 cusp forms introduced by Birch and Manin
and they are an indispensable tool for studying (twisted) L-functions of holomorphic cusp
forms 62|, [64] and for computing modular forms [20], study elliptic curves and homology
and cohomology of arithmetic groups. For instance, see [103] for explicit computations of

the space Si(T'o(IN)) using modular symbols.

2.4.1 Construction of modular symbols

We refer to [103], [20, Chapter 2], [22] for detailed descriptions on the constructions and
properties of modular symbols. We first observe that if z,w € H are I'-equivalent, then
the family of smooth paths from z to w in H determines a unique homology class in

H{(I'\H,Z). In fact, the class depends only on v and we have the surjective map
. — Hi(T\H,Z), ~~ {oco0,yo0},
which induces the canonical isomorphism

H(T\H,Z)=T/[T,T] .
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As in [89], we denote by Hclusp(F\H, C) the space of cuspidal 1-forms, that is differerentials

on I'\H that vanish on cusps. We have the Eichler—Shimura isomorphism

So(T) @ So(T) — HL  (D\H,C), (f,9)— f(2)dz+ g(z)dz.

cusp

Hence any 1-form w = f(z)dz + g(z)dz is composed of the ‘holomorphic’ part f(z)dz and
‘antiholomorphic’ part g(z)dz. However, if we are interested in harmonic differentials, then

we have f(Z) = ¢g(z). In view of this relation, not much information is lost by ignoring

the antiholomorphic part and we can use in practice just the holomorphic part f(z)dz.

We note that any cuspidal form is cohomologous to a form of compact support, i.e.

if o is a cusp form, there exists & € H}(T'\H, C) such that
/ a:/ a, forallyel,
®(v) ®(v)
and we have the isomorphism
Hclusp (F\Hv C) = I{c1 (F\]HL (C)7

we refer to |77, Proposition 2.1] for a detailed construction of this isomorphism. We have

the exact Poincaré pairing between homology and cohomology
Hy(T\H,C) x H(T\H,C) - C, (C,a) / .
C

Moreover, every class in H!(I'\H, C) has exactly one harmonic representative, see |89, p.
p. 8]. Therefore, if we denote by HARcysp (I'\H, C) the space of harmonic cuspidals 1-forms
on I'\H, we have

H(}usp (F\Hv (C) = Hcl (F\]HL C) = HARCUSP (F\]HL C)

With this in mind, for v € T' and o € H} o ,(T\H, C), we define the modular symbol

(v, ) as
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for any z € H*. From this definition, we can easily see that, for v1,~v9 € T,

Y17Y2% Y2 P Y1y2 P
<’)’1’Y2704>—/ Oé—/ Ot—i-/ a=(y,a)+ (y,a) .
z v

P 2P

We note that if « is a cuspidal form, then for any parabolic v € T,

<’y,a>:/jzoz:0.

In particular, (v,a) = 0, for all v € I'y, for all cusps a. The additive property of modular
symbols means that we can view modular symbols as elements of Hclusp(F, C).

When « is a real-valued 1-form, for real parameters €, we can define the family of
unitary characters

Xe: T — S' 4 exp(2mie (7, a)).

One of the key ideas in Chapter 3 is to use these characters to twist the Laplacian or the
Eisenstein series, and then use perturbation theory for small €, in order to deduce results

about the distribution of modular symbols.

As observed in [89], all characters of I" that vanish on parabolics are of the form
Xe- These characters can be viewed as elements of the cohomology group H.,,(I', R/Z).
This point of view is useful for generalisations to higher dimensional hyperbolic spaces.
In Chapter 4 we will study the distribution of characters in H' . (I',R/Z), where I is a

cusp

cofinite group acting on H".

Returning to the 2-dimensional case, for f € So(T'), if we take o = f(z)dz, we simply

denote

(v, fy = (v, 0.
We recall the definition (|1.4) for modular symbols (r), where r € Q:

= [ sa,

where the path of integration connects the cusp at co with the cusp » € Q. We remark

that our definitions for modular symbols are closely related. Indeed, there exists a cusp a
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such that r and a are I'-equivalent, i.e. v = yo400, for some «v € I'. Then

o= [ gede= [ @ [T p@a = [T @+ ). (29)

o [e.e] 0q00 o

Therefore the definitions agree up to a shift given by a period integral depending only on
the cusp a.

We denote the plus/minus modular symbols

(ryt = -+———"€R, <T>_:WER.

This corresponds to integrating the real/imaginary part of the 1-from f(z)dz, i.e.

T

vwafmwww,vr=/mwww»

o0 [e.o]

The image of the map

Q — R, r»—><r)i

)

is a lattice in R given by QJJEZ. We say that Q]jf is the real/imaginary period of f. Hence,

for r € Q we can define the normalised modular symbol

* (r)* eZ.

[r]*= =%
8

In Chapter 4, we study the distribution of [r]* modulo primes. We will use the notation
m]jf () instead of [r]* for normalised modular symbols.

We mention some basic properties of modular symbols (r)*, see [66, p. 5]:
(1) (r+ 1) = (r)* = £(-r)™
(i) For any y € T, (r)* = (yr)* — (y00)™;

(iii) Let ¢ and N positive integers, such that, if n = ged(c, N) and N = ne, then e
and n coprime. Let w, the eigenvalue of the Atkin—Lehner involution W, acting on

f € S2(To(N)). Then if a,d € Z such that ade = —1 mod ¢, then

(a/e)* = —we(d/c)™.
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Now let f € Sk(T") be a holomorphic cusp form of weight k& with Fourier expansion

) = X aglmpnta e

n>1

For r € R, we define the additive twist by r of the L-function L(s, f) to be

Lis, fr) = ag(nje(nr) ¢ Re(s) > 1.

ns
n>1

Let r = a/c € Q and d € (Z/cZ)* such that ad = 1 mod ¢. We define the completed

L-function

c s—&-% k—1 o . 4 k=1 dy

Mscfor) = (52) T T (54 L) = [ ftaserigfet

2 2 0 Y

It admits meromorphic continuation to s € C and functional equation:
A(s, fyafc) = A(1 — s, f,d/c).
From the definition of the completed L-function, for f € So(T"), we can write
L(1/2, f,r) = 2mi(r). (2.24)

Therefore modular symbols can be understood in terms of central values of additively

twisted L-functions!

2.4.2 Arithmetic statistics of modular symbols

The study of of distribution properties of modular symbols was pioneered by Goldfeld
in the 90’s, inspired by a connection to Szpiro’s conjecture (which relates the conductor
and the discriminant of elliptic curves). In his work [37], [38], he introduced the following
Eisenstein series twisted by modular symbols, known today as the Goldfeld Fisenstein

series. For f,g € So(T') and m,n € Z, they are defined as

EP(z,8) = > (1)) (1,9) Tm(og'v2)",

'YGFa\F

In his thesis, O’Sullivan [75] proved the meromorphic continuation and the functional

equation for Eg""(z,s). Petridis and Risager [77] used the analytic properties of the



2.4. Modular symbols 43

Goldfeld Eisenstein series to prove that modular symbols are asymptotically normally
distributed with respect to a certain arithmetic ordering.

In 2016, Mazur, Rubin and Stein proposed the study of the arithmetic distribution
of modular symbols for congruence subgroups in order to study the excess rank of elliptic
curves over abelian extensions. More specifically, let E an elliptic curve over Q of conductor
N and F/Q a finite abelian extension. Assuming the Birch-Swinnerton-Dyer conjecture,

we have

ranky, F/(F') = ranky E(Q) + Z ords—1 L(E, x, ),
x:Gal(F/Q)—C*
x#1
see |66, p. 6]. This implies that the study of excess rank is closely related to the vanishing
properties of the central values of the twisted Hasse-Weil L-function L(E, x,1). These

values are related to modular symbols by the Birch—Stevens formula, see [67, p. 10]. If x

is a primitive Dirichlet character of conductor ¢, then

TOLE XD _ S x@)a/ey,

Qe
a€(Z/mZ)*

where € := y(—1) is the sign of the character x and 7(x) is the corresponding Gauss sum.
This motivated Mazur and Rubin [66] to formulate a number of conjectures about the
distribution of modular symbols (a/c)* with fixed denominator c. These conjectures have
received a lot of attention in recent years, see the work of Petridis-Risager [79], Bettin—
Drappeau [5], Blomer et al. [6, Chapter 9], Diamantis et al. [26], Lee—Sun [57], Sun [104],
Nordentoft [74].

Let f € S2(T0(q)). We define the usual mean and variance for fixed level ¢ for plus

modular symbols:

({a/e)* —E(f,c)* .

We now state the conjectures of Mazur and Rubin about the behaviour of the asymptotic

normal distribution of modular symbols and the behaviour of the variance.

Conjecture 2.4.1. (i) There exists a constant Cy such that the limiting distribution of
the data

a/c)™
{(C’;lég>c)1/2 : (¢,q) =d, ae(Z/cZ)*}
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1s the standard normal distribution as ¢ — oco.

(ii) For each divisor d of q, there is a constant Dy g such that

Jim (Var(f,c) — Cylogc) = Dyg.

(c,q)=d
The constant C is called the variance slope, while Dy g4 is the variance shift.
Petridis and Risager [79] obtain an average version of Conjecture for square-free

level g, where they consider the distribution of modular symbols on the larger set
Ry(X) = {% |0<a<e<X,(a,c)=1,(cq) :d}.

We recall Theorem [[.2.3] from the Introduction.
Theorem 2.4.1. [79] Let f € S2(T'g(q), where q is a square-free integer.

(i) The values

nr
{<cflogx>l/2 ' TeRd(X)}

have asymptotically a standard normal distribution as X — oo.
(ii) As X — oo,

1

R > () =Crlog X + Dya+o(1).

TERd(X)

Petridis and Risager work with the spectral theory of automorphic forms and Goldfeld
Eisenstein series. They give explicit formulas for C'y and Dy 4 and obtain results for any
cofinite Fuchsian group I'. Using dynamics of continued fractions, Lee—Sun [57] give an
alternative proof of Theorem building upon work of Baladi—Vallée |2] on dynamical
methods. Their method is however restricted to I'g(N) and does not give a formula for
the variance.

In Chapter 3, we develop a new method to obtain distribution results for modular
symbols and recover Theorem While still making use of the spectral theory of
FEisenstein series as in the work of Petridis—Risager, we apply the perturbation theory on
character varieties to obtain significantly easier proofs. Also, instead of using the method

of moments for proving convergence in distribution, we make use of the moment generator
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function and the Berry—Esseen inequality to obtain the limiting distribution with almost
optimal error terms. Furthermore, our approach can naturally recover the first and second
moments of the distribution and has the advantage that it can be naturally extended to

modular symbols in H? and higher dimensions.

We remark that Conjecture [2.4.1fi) seems to be very hard and out of reach of both
spectral and dynamical methods. One reason is that the size of the family of modular
symbols in the conjecture is small, around square-root the size of the family in Theo-
rem A version of Conjecture M(u) with ¢ ranging over primes was achieved by
Blomer, Fouvry, Kowalski, Michel, Mili¢evi¢ and Sawin in [6, Theorem 9.2], using very

deep algebraic geometric methods.

These results have been generalised to higher weight modular forms. Using spec-
tral methods, Nordentoft [74] obtains normal distribution for central values of additively
twisted L-functions associated to cusp forms of general weight k£ and level N. In addition,
Bettin—Drappeau [5] use dynamical methods to obtain results for general weight k for

I' =Ty(1), and additional results for the distribution of quantum modular forms.

We also mention a conjecture of Mazur, Rubin and Stein about the partial first
moment of modular symbols. They conjectured that if 0 < z < 1 and f(z) = > 77 ang",

then

cxT

1 2. a, sin(mnz)
lim =Y [a/dt = g .
c—00 C n

a=1 n=1

This result was proved by Diamantis, Hoffstein, Kiral and Lee [26] (for arbitrary level
N and with explicit rate of convergence) and by Sun [104] for square-free level using

dynamical methods.

Remark 2.4.2. In [66], Mazur and Rubin also proposed the study of 6-coefficients. These
are given by sums of modular symbols of fixed denominator, where the numerators are
induced by elements fixed in cyclic Galois extensions of conductor m. Let (,, a primitive
m-th root of unity and o, € Gal(Q(¢n)/Q) given by 04((m) = (%. Let FF C Q(() and
d € Gal(F/Q). Then the 0-coefficients are given by

0fs:= > [o/m*

a€(Z/mZ)*
Oa|lp=0



2.5. Quantum Unique Ergodicity 46

Mazur and Rubin are interested in the distribution of the values
{0rs | F'/Q cyclic of degree d and conductor m,d € Gal(F/Q) generic}.

Numerical analysis show that these values do not obey a normal distribution and very

little progress was achieved in this direction.

Mazur and Rubin [65] also formulated a conjecture about the distribution of the
normalised modular symbols [r]T. They suggested that [r]T equidistribute modulo p as

we vary along fractions with fixed denominator.

Conjecture 2.4.2. Let p be a prime. The values {[a/c|™ | a € (Z/cZ)*} equidistribute

modulo p as ¢ — oo, that is, for any l € (Z/pZ),

#{a € (Z/c2)"

[ —+o0(1) asc— oo.

|
¢(c) P

a/dJt =lmod p} 1
c

Recently, an average version of this conjecture was settled by Lee and Sun [57, The-
orem I] using dynamical methods. In Chapter 4 we introduce a new automorphic method
for studying the mod p distribution of modular symbols, which also applies to more gen-
eral cohomology classes. As is the case in [57], we obtain an average version of the mod
p conjecture of Mazur and Rubin (and its generalisations), but with further refinements.
We refer to Section in the Introduction or Section in Chapter 4 for statements of

our results regarding equidistribution modulo p of modular symbols.

2.5 Quantum Unique Ergodicity

Mass equidistribution of eigenfunctions is a central topic in quantum chaos and number
theory. We refer to [91] for an excellent survey on physical interpretations of QUE and
developements for hyperbolic arithmetic manifolds. As a starting point, let M be a com-
pact negatively curved Riemannian manifold. Then the geodesic flow is ergodic on its
contangent bundle. It is of interest the study the behaviour of masses of eigenfunctions
¢; of the Laplace-Beltrami operator A as the eigenvalue tends to infinity. The following

thoerem was proved by Snirelman [108] and Colin de Verdiere [16].

Theorem 2.5.1 (Quantum Ergodicity). Let M be a compact negatively curved Rieman-
nian manifold with the standard measure i and the Laplace—Beltrami operator A. Let

{¢;} an orthonormal basis of L?(M) formed of eigenfunctions of A with corresponding
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eigenvalues \;. Then

2
@i |71t — 11
in weak-* sense as k — oo, for some full density subsequence jj.

We turn our attention to the arithmetic modular surface X = SLo(Z)\H. If we ignore
for the moment the continuous spectrum, we restrict our attention the the eigenfuncions of
the Laplacian are the Hecke-Maaf} cusp forms. Then the Quantum Ergodicity Conjecture
was proved in this case by Zelditch [113].

Motivated by this, Rudnick and Sarnak [87] conjectured that mass equidistribution
should hold for the full sequence of Laplace eigenfunctions. Lindenstrauss [59] famously

proved this conjecture, with a key input from Soundararajan [101].

Theorem 2.5.2 (Quantum Unique Ergodicity). Fiz any ¥ € Cy(X). Then for any

sequence of Hecke—Maaf$ cusp forms ¢; of eigenvalues \j, we have that
9 3
<1/1, |1 > — = (,1)  as A\j — oo.

The literature contains many examples of analogues of this problem. In [61], Luo—
Sarnak prove Quantum Unique Ergodicity for the Eisenstein series. They show that for

any measurable sets A and B with u(B) > 0, we have

BG4 0Pl p(A)
t—oo [L|E(2,1/2+it)|?dp — w(B)’

Moreover, they actually compute the asymptotic growth explicitly
N2 6
|E(2,1/2 4 it)|*du ~ —p(A) log t.
A s

Holowinsky and Soundararajan [44], [43], [102] prove an analogue of the Quantum Unique

Ergodicity for holomorphic cusp forms.

Theorem 2.5.3 (Holowinsky—Soundararajan). Let f be a holomorphic Hecke cusp form
of weight k that is L*-normalised such that [y y*|f(2)[2du(z) = 1 and let Fy = y*/2f(z).

Fiz any ¢ smooth and bounded on X. Then we have

dd dd
/yklf( )1¢(2) xy /¢ $y as k — oo;
X
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equivalently, this can be rewritten as

1
vol(X)

(¢pFy, Fi) — (p,1) as k— oo.

Nelson generalised their results to congruence groups 72| and to compact surfaces [73].
Zelditch |114] and Jakobson [49], [50] looked at quantum ergodicity for the contangent
bundle SLy(Z)\SL2(R).

Holowinky and Soundararajan build upon two independent papers. Using sieve the-
ory, Holowinsky [43] obtains bounds for shifted convolution sums of multiplicative func-
tions. His approach fails to succeed when L(1,sym?f) is unusually large. Soundarara-
jan [102] uses a weak subconvexity result that fails when L(1,sym?f) is unusually small.

Combining the two approaches gives the desired result.

In Chapter 5, we generalise these results to off-diagonal terms, where we consider

two different eigencusp forms f and g of weights k1 and ko respectively. We show that

correlations dissipate as max(k1, k2) — 0o. We refer to Theorems [5.1.1) and [5.1.2 for full

statements of our results. We obtain a result about joint distribution of masses in the
context of QUE, a subject with interesting recent results, see for example the work of
Brooks [§] on distribution of off-diagonal Eisenstein series (¢E(-,r), E(-,7")) or Brooks—

Lindenstrauss |9] on joint quasimodes of the Laplacian.

Our new ingredient is to incorporate the spectral theory of weight k automorphic func-
tions to the method of Holowinsky—Soundararajan. Denote by L;(X) the space of square-
integrable weight k& automorphic forms. Using the spectral decomposition of L, _x, (X),
it is enough to obtain bounds for <q§yk71 fs y%Q g>, where ¢ is a Maaf} cusp form of weigh

ko — k1. We have two approaches, depending on the size of

S(f,g) = L(l,sym2f)L(l,smeg). (2.25)

Firstly, we can compute directly the inner products, using Rankin—Selberg unfolding for
the Eisenstein series and Ichino’s formula for the Maafl cusp form case, see Section [5.3
The formulas will involve central values of L-functions, to which we apply the weak sub-

convexity results of Soundararajan. This will win if S(f, g) is large.

Alternatively, we can expand the inner products in terms of the Fourier expansions.

We need bounds for the Fourier coefficients of weight k& automorphic forms, which we
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compute in Section This approach boils down to bounding shifted convolution sums,
where we apply the results of Holowinsky, see Section This will win if S(f,g) is

sufficiently small.

2.6 Geometry of hyperbolic upper half-space H?

We refer to [32, Chapters 1-2] for a valuable exposition of the geometry of the hyperbolic
3-space and of the groups acting on it. We define the three-dimensional hyperbolic space

H? as
H3 := C x (0,00) = {(2,9) | z€ C,y > 0} = {(z1,22,%) | 21,22 €R, y > 0} .
We denote the points in H? by
P =(z,y) = z+vyj, wherez=ux1+ize, j=(0,0,1).

We equip H? with the hyperbolic metric coming from the line element:

2 _ dz? + dz + dy?

ds
Y2

(2.26)

The volume element is given by

dx1dzody
d/l} — 73.
Yy

The hyperbolic Laplace—Beltrami operator is given by

0? 0? 0? 0
A — 2 — ) —y=. 2.27
Y (&r% + ox3 + 8y2> y@y (2.27)

a b
The group PSLy(C) acts on H? via isometries. The action of v = € PSLy(C) is
c d

given by

(az +b)(cz + d) + acy? Yy
— . 2.28
(z9) ( lez +d|2 + |c]Py? 7 Jez+d|? + |¢|?y? (2.28)

Let I' < PSLy(C) be any cofinite Kleinian group with cusps. The theory of such
objects is thoroughly developed in [32, Chapter 2]. Let a € P'(C) be a cusp for I' with
scaling matrix o4 € PSLy(C) such that oq00 = a. Welet I'y = {y € I' : ~va = a} be the
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stabilizer of a in I". We define

/ L b -1
I'y=TqaNog :beClo, .
0 1

We note that I', consists of the parabolic elements in I'y together with I.

There exists a lattice Ay < C such that

e I A
o, T'yoq = D AE A,

We let P, be a period parallelogram for A, with Euclidean area |P,|. We define A} the
dual lattice of Ag:
A, ={peC : (uA) €Zforal A € Ay}, (2.29)

where (-,-) is the usual scalar product on R? = C.

Since I' is a Kleinian group, there exists a constant ¢4, > 0 defined by

. a b 1
Cqp :=min ¢ |c| : €o, Top, c#0, . (2.30)
c d
Say ap,--- ,a, € P(C) are representatives for the I'-classes of cusps. For Y > 0, we

define the cuspidal sectors
Fo,Y)=0{z4+yj : 2€Py, , y>Y}.
Then for Yy large enough, there exists a fundamental domain F which we can write as a

disjoint union

F=FoUFo(Yo) U+ U T, (V) (2.31)

where JF{ is a compact set.

* x
We denote by T, a system of representatives of the double cosets in

1 ~1 —1v
o, Thou\og Toy/o, Tyop
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with ¢ # 0 and

x %
Tab(X): €Tw : O<‘C|§X
c

Also, we define

a a b

Rgp := < — mod Py : € Tuwp

¢ c d
Lemma 2.6.1. The map

Tab — Rab

v = yoo mod Py

is [Ty : T'y]-to-one.

51

Proof. We follow the lines of [79, Proposition 2.2] or [47, p. 50], where it is shown that

the map is one-to-one in the two-dimensional case. Let v, € Ty, with

a b , a b
v = and ' =
c d ¢ d

and 7 = o0, 7’ = 7'00. We may assume 7,7’ € P,. Then the matrix 4" =1y € agll“ob

has lower left entry ¢/ = —ac’ + d’c.

If ¢ # 0, then

/"
>0.

/|l —
| —r+r| = "

Therefore r # 7/, hence r #Z v’ mod P,.

If " =0, then r =7’ and 7" € (ob_lfab)oo = ab_ll“bab. Since we assume v, € Typ,

there are [0, 'Tyop : 0 'Top] = [ : I'}] possible choices for 7.

2.7 Higher dimensional hyperbolic spaces

We introduce the upper half-space (Poincaré) model H"*! for the (n + 1)-dimensional

O]

hyperbolic space. We briefly describe some geometric and arithmetic properties of the

space T\H"! where I is a cofinite discrete subgroup of isometries. We make use of a

specific model for the group of isometries given in terms of a certain Clifford algebra. Our

main references for this section are [1], [30] and [31].
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2.7.1 Clifford algebra

We will now describe the upper-half space model H* ! for hyperbolic (n + 1)-space. Let

q : R™ — R a non-degenerate quadratic form and C(q) the associated Clifford algebra, i.e.

the free R-algebra on {ey,...,e,} modulo the relations
e? = q(e), ejej = —eje;, where i,j=1,---,n, i#7j,
where ey, ..., e, is a g-orthonormal basis for R™”. We denote by &, the set of all subsets

of {1,...,n}. Then for M = {iy,... i} € &, with i1 < --- < i, we define
en=¢ej -----e,, ep:=1¢eC(q).

Then one can check that {ej; | M € &,} is a R-basis for C(q).

We have two linear involutions on C(q) given by

e i (—)MUIMID 2 gy MIOMImD/20) here M € &,

These satisfy

w=w7v, (vw)"=w"v", forallv,weCl(q).

From now on we assume that ¢ = —I,,, the negative definite unit form, and eq, ..., e,
the standard basis. In this case we write C, for C(q). We denote by V,, C C,, the vector

space spanned by {1,e1,...,e,}. It is easy to see that V) 2 R and V; = C as R-algebras.

V., is equipped with the inner product
r,
(v,w) = i(vw + Tw).

We note that this coincides with the standard Euclidean inner product if we identify V,,
with R"*! using the basis {1,e1,...,e,}.

For z = ZMesn Ayvenm € Cp, we define the norm

1/2
|| := ( > /\%\4) : (2.32)

We note that for = € V,,, we have |z|? = (z,z). Now, if A < V,, is a lattice, we define the
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dual lattice as

AN ={weV,| (v,w) € Z for all v € A}.

We now define the following model of hyperbolic (n + 1)-space:
H*H = {zo +x161+ -+ ey | xo,x1,..., -1 € Ryzp, >0} .
We have the maps x : H"*! — V,,_; and y : H"*! — (0, 00) given by
x(P) :=zp+z1€1 + -+ Tp_16n—1, Y(P):=x,,

where P = xg + z1€1 + - - - + ope, € H'H. We can think of z(P) as an element of R via

the above. Then from ([2.32) we see that
|PI” = [a(P)]* + [y(P)*.

We equip H**! with the hyperbolic metric coming from the line element:

2:dx3+dx%+---+dx2

ds L (2.33)

2
Tn

which makes H"*! a Riemannian manifold with constant negative curvature —1. The

volume element is given by
drodxy ... xp
dv=——3— )
Tn

The hyperbolic Laplace—Beltrami operator is given by

0? 0? 0? 0

in this model.

2.7.2 Vahlen group

We will use the above upper-half space model to describe the group of (oriented) isometries
Isom™ (H"*!) in a way that is convenient for our purposes. We let T, C C, be the

multiplicative subgroup generated by V;, \ {0}. As in [1, p. 219] or [31} p. 648], we define
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the Vahlen group SV, to be

) (i) a,b,c,d € T, U {0}
a
SV, := ) e My(Cy) (ii) ab,ed € V, : (2.35)
C
(iii) ad* — be* =1

We can easily check that SVy = SLy(R) and SV; = SLy(C) as R-algebras. Then it is a

non-trivial fact that SV,, is a group under matrix multiplication with inverse

—1
a b d*  -b*
= . (2.36)
c d - a*
We can now define the action of SV,,_; on H""! which resembles the actions of

SLy(R) and SLy(C) on H? and H?, respectively, as can be seen from the following result.

Theorem 2.7.1. [31, Theorem 1.3] Let v = (%) € SV,_y and P € H""'. Then
cP +d e T, and we define

P := (aP 4 b)(cP +d)~' e H", (2.37)

where multiplication and taking inverses is possible since we work with elements of the
multiplicative group T,,. The map P — P is an orientation preserving isometry of H* 1.
Moreover, all orientation preserving isometries are obtained in this way and we have the

induced isomorphism SV,,_1/{I, —I} = Isom™ (H"*1).

What is convenient about this description of Isom™ (H"*!) is that one gets very famil-
iar expressions for the coordinate-projections of the image under the action of v € SV,,_1

on P = (z,y) € H"L.

a b
Lemma 2.7.1. [31, page 648] Let v = €SV,_1 and P = z+ye, € H""'. Then
d

(az + b)(cz + d) + acy?
lcx + d|? + |c|?y?

Y
and y(yP) = AP T (2.38)

z(yP) =

Remark 2.7.2. Our model for the hyperbolic (n+ 1)-space is consistent with other descrip-
tions from the literature. For example, one can consider the Klein model K"*! on which

isometries are described by SO(n +1,1). Then there exists an bijection ® : H* ! — K +!
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and an isomorphism V¥ : SV,,_; /{£I} = SO(n + 1,1)? which commutes with the respec-
tive actions, i.e. ®(y-P) = ¥(y)®(P), for all ¥ € SV,,_; and P € H**!. Here SO(n+1,1)°
is the connected component of the identity element in SO(n+1,1). We refer to |30, Section
5] for detailed descriptions of different models of the hyperbolic space.

2.7.3 Hyperbolic quotients

Let I' < SV,,_1 be a discrete subgroup of motions such that the surface I'\H"*! has finite
hyperbolic volume. We say that a € R"U{oo} is a cusp for I if it is fixed by a non-identity
element in I'. Then there exists a scaling matrix o, € SV,,_1 such that o,00 = a. We let

Iy :={v € I'| ya = a} be the stabilizer of a in I". We define

/ Lb —1
Iy:=TaNoq €SVy_1p0, .
0 1

We note that I', consists of the parabolic elements in 'y together with the identity.

There exists a lattice A; < R"™ such that

—1yv LA
g L'goa = 01 | A€ Aq

We let P, be a fundamental parallelogram for A, with Euclidean area vol(A,).

We define the dual lattice of A} as follows:
Ay ={peR" | (u,\) € Zforall A € Ay}, (2.39)

where (-,-) is the usual scalar product on R™.

For a cusp a and Y > 0, we define the cuspidal sector
FoY) :=0{(z,y) | x € Payy >Y} .

Then for Y large enough, there exists a fundamental domain F for I'\H"*! and inequiv-

alent cusps a,---,a, € R" U {oo} such that we can write F as the disjoint union
F=FoUF,(Y)U---UF, (Y), (2.40)

where Fj is a compact set, see [100, p. 8] or [89, p. 5].
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For notational convenience, from now on we will focus only on the cusp at co. We
drop the subscript by denoting A := Ay, P := Py etc. Our theory can be generalised to
take all cusps into account.

We will now define our outcome space in precise terms. First we note that all

elements in I',_ \I'/T’_ share the same lower left entry. Thus it makes sense to define
k ok , ,
Tr(X) = el N\[/TL|0< || <X 5,

where |c| denotes the Clifford norm ([2.32). This is the natural generalisation of the
outcome space considered by Petridis—Risager in [79, p. 1002]. In (4.22)) below, we provide

an asymptotic formula for the size of Tr(X). We put
a b
CT):=¢ceT,]|Ja,bdeT,: el;. (2.41)

If~v= (g Z) € T then from the definition of the action (2.37)), we see that yoo = ac™!,
where oo is defined as the limit of 7P as P tends to the cusp at co. Also, from |31, Lemma
1.4], we know that ac™! € V,,_;.

We observe that yoo is well-defined on double cosets in I, \I'/T"_ up to translations

by the lattice A. Therefore we see that the map

I \L/TL, — R"/A U {c},

¥ = Y00,

is well-defined using the identification of V,,_; with R™ as above. A simple consequence
of our main theorems is that yoo become equidistributed on R™/A as we vary along

v € TIr(X) as X — oo.



Chapter 3

Distribution of modular symbols in H?*

This chapter is mainly based on [18].

3.1 Introduction

Let K be a quadratic number field of class number one, Ok its ring of integers and n a
non-zero ideal of Ok. In a series of papers [22], [23], [21], Cremona uses modular symbols
to study the arithmetic correspondence between isogeny classes of elliptic curves defined
over K of conductor n and Hecke cusp forms of weight 2 for the congruence subgroup
I'p(n). More precisely, the Hasse-Weil L-function L(E,s) of an elliptic curve E and the
L-function L(F, s) attached to a cusp form F' are conjectured to be the same as part of the
‘Langlands philosophy’. Modular symbols are given by central values L(F,, 1), where 9
is an additive twist, and they can be used to compute numerically the central value L(F, 1),
which agrees with the value L(F,1) predicted by the Birch-Swinnerton-Dyer conjecture.
We prove that when n is a square-free ideal of Ok and F' a newform of weight 2 and level
n, modular symbols coming from F' obey asymptotically the standard normal distribution
when ordered and normalised appropriately.

We develop a new method to obtain distribution results for modular symbols. While
still making use of the spectral theory of Eisenstein series as in the work of Petridis—Risager,
we apply the perturbation theory on character varieties to obtain significantly easier proofs.
Also, instead of using the method of moments for proving convergence in distribution, we
make use of the moment generating function and the Berry—Esseen inequality to obtain
the limiting distribution with almost optimal error terms. Furthermore, our approach can
naturally recover the first and second moments of the distribution and has the advantage
that it can be naturally extended to modular symbols in H?.

We now describe the set-up for the case of cofinite groups I' of PSLa(R), as in the work
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of Petridis—Risager. Let a and b be two cusps (not necessarily equivalent) with scaling

matrices o4 and o,. We define general modular symbols as

oar
(Fao = / a,
b

where « is a harmonic 1-form and

a b
r € T(X) =4 2 mod 1, € Too\o; 'Top/Toe , 0 < c< X
c d

Petridis—Risager obtain the following average results of Conjecture [2.4.1
Theorem 3.1.1 (Petridis-Risager [79]). There exist explicit constants C¢, D¢ qp such that

(a) (Normal distribution) The values of

Tw(X) =R, 2 {a/c)

c \/Crloge
have asymptotically a standard normal distribution as X — oo.

(b) (Second moment) As X — oo,

Zr b (X <T>2
% =Cyrlog X + Dy qp + 0(1).

Here is a statement for our results. There is a natural action of PSLy(C) on H? via
isometries. Let I' < PSLy(C) be a cofinite discrete subgroup. For each cusp a, we denote
by I'; the set of parabolic elements in I' that fix a. Then there exists a lattice Ay < C

such that

e LAY
o, I'yoq = 01 D AE A,

We note that we require this extra notation since, unlike the two dimensional case,
we only know that I'} is a subgroup of finite index of the stabilizer subgroup I'y and that
for two cusps a and b, the period lattices A, and A, may be different.

Now, for a,b two cusps for I' (not necessarily distinct), we define

— — g a b —1yv -1 —11v
Ryp(X)=<(r= p mod A, , € o, Thod\og Tog/oy Thop, 0<|c] <X
c d
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We prove the following theorem.
Theorem 3.1.2. Let a be a real-valued, I'-invariant, cuspidal one-form.

(a) (Normal distribution) For every a,b € [—o0,00] with a < b, and any € > 0, for X

large enough,

#{reru(x), Feccl) 1 p p 1
S = X —— —1/2+¢
#Rap(X) \/g/a ¢ P( Z)dtJrOe ((logX) )

where
43
= 3.1
vol(T'\H?) (3:-1)

(b) (First moment) There exists a constant § > 0 such that

5 e e [* ]
s RGO

(c) (Second moment) There exists an explicit constant De qp, called the variance shift,

and a constant § > 0 such that

EreRab(X) <7°>§b
#Rab (X)

:CalogX—kDa,ab—i—O(X*a), as X — oo .

Remark 3.1.1. The error term in Theorem [3.1.2(a) is expected to be optimal up to e,
see [5]. It seems to be difficult to obtain a good error term using the method of moments

approach.

Remark 3.1.2. Theorem [3.1.2(b) is a generalisation of |79, Cor. 7.3] with z = 1, where
Petridis—Risager obtain stronger results about first moment with additional restrictions

on the set Rqp(X).

Remark 3.1.3. We do not obtain an explicit value for D, q5, but we can write it in terms
of the coefficients of a certain Taylor expansion, see (3.48]) for more details. For the case

of H?, the variance shift was explicitly calculated in [79)].

We obtain the following corollary for imaginary quadratic number fields. Let K be a
quadratic imaginary field of class number one and n a square-free ideal. Let F' € S3(I'(n))

be a cuspidal newform of weight 2 and level n, which is a vector-valued function F : H3 —
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C3. For r € K, we define the modular symbol

<r>—/:F-BeR,

100

where ( is a specific fixed basis for the invariant 1-forms. We rigorously introduce these

objects in Section 7.

Corollary 3.1.1. Let K be a quadratic number field of class number one. Let n < Ok a

square-free ideal with generator (n) =n and F' € Sa(T'o(n)). For d|n, set
Qo(X) ={a/c | a € (Ok/(e)*, (e;n) =0, 0 <|e] < X}.
(a) There exists a constant Cp such that the data

a (a/c)
KNQ@yX)— R, P JCrlog X

has asymptotically a standard normal distribution.
(b) There ezists a constant Dy such that

1 a\ 2
G 2 {G) =CrlosX+ Do+ o).
B ajeeqa(X)

Remark 3.1.4. We provide explicit value for Cr in terms of the Petersson norm of F' and

our base quadratic imaginary field K, see (3.55]).

The structure of this chapter is as follows. In Section [3.2] we introduce th elementary
properties of modular symbols associated to cuspidal one-forms on I'\H?3.

In Section [3:3] we study the Eisenstein series and Poincaré series twisted by modular
symbols. We introduce the generating series Lqp(s,€) and obtain some of their essential
analytic properties. We also provide upper bounds for modular symbols.

In Section we study the perturbation theory of the space L?(I'\H?, x.), where
Xe is a unitary character given by modular symbols. We obtain Taylor expansions for
the smallest eigenvalue of the Laplacian Ag(e) and for sg(e), the first pole of Lgp(s,€).
Moreover, we study the behaviour of the residue of Lqp(s,€) at so(e).

In Section [3.5| we relate the moment generating function for the distribution of mod-

ular symbols to our generating series Lqp(s,€). We recover the first two moments of the



3.2. Modular symbols in H3 61

distribution. In addition, we show that R, is equidistributed in the period lattice A4.

In Section [3.6| we prove that modular symbols are normally distributed. We use the
Berry-Esseen inequality and the perturbation theory results developed earlier.

In Section we obtain results for congruence subgroups of PSLa(Ok), where K is
a quadratic imaginary number field of class number one. We relate modular symbols to
special values of L-functions coming from newforms of weight 2 and level n, where n is a

square-free ideal of Ok. We develop some properties of these L-functions.

3.2 Modular symbols in H?

We refer to Section for an introduction to the properties of the quotient space I'\H?,
where I' < SLy(C) a cofinite subgroup with cusps. We denote by H* := H? U C U {co}
the extended upper half-space and consider the compactified quotient space Xp = I'\H*.
If A,B € H* are I'-equivalent, i.e. there exists some v € I' such that B = ~(A), then
the family of smooth paths from A to B in H* determines a unique homology class in

Hy(Xr,Z). In fact, the class depends only on v and we have the surjective map
¢: T — Hi(Xr,Z), v {oo,yoo}
which induces the canonical isomorphism
H(Xr,Z)=T/[l,T] .

We consider the de Rham cohomology group Hlp(Xr,C) and inside of it we have
H!(Xr,C) consisting of cohomology classes represented by forms of compact support.
Every member of H!(Xr,C) has a unique harmonic representative. We provide a sketch
argument showing that Hy(Xr,C) and H}(Xr,C) are dual to each other.

Note that in general Xt may not be a manifold, since I' may contain elements of
finite order (Xt is called an orbifold). However, it is a result of Selberg [94, p. 482] that
if ' < GL,,(C) is a finitely generated subgroup, then I" has a torsion free subgroup I'' of
finite index. Then X is a manifold and the finite quotient group I' := I'/T” acts on it.

We have the exact Poincaré pairing between homology and cohomology for Xt

Hl(XF/,C)XHcl(XF/7C)—>C, (C,Oé)0—>/04.
C
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In this duality, if we restrict to forms invariant under ', we recover H!(Xr,C) and can
show that there is also an exact duality between Hp(Xr,C) and H}(Xr,C). For more
details, see [22, p. 43].

Definition 3.2.1. A harmonic 1-form o = fidxy + fadxo + f3dy on T\H? is a cuspidal
1-form if

1. « is rapidly decreasing at all cusps;

2. for each cusp a and y > 0,

fa’idl‘ldxg =0 s 1= 1,2,3 N
Pa

where oyo = fo1dx1 + fapdxa + fa3dy is the pullback by og.

As in [89], we denote the space of cuspidal 1-forms by H} (Xr,C). We note that
any cuspidal form is cohomologous to a form of compact support, i.e. if a is a cusp form,

there exists & € H!(Xr, C) such that

/ a:/ a, forallyel,
() ®(7)

and we have the isomorphism

1
chsp

(Xr,C) ~ HY(XT,C) .

A detailed construction of the above isomorphism can be found in |77, Proposition

2.1]. With this in mind, for v € T' and a € H} (X1, C), we define the modular symbol

cusp

(7, ) as
vPy

(v, ) = Lmaz L (3.2)

for any Py € H*. From this definition, we can easily see that, for v1,v9 € T,

Y1v2 P Y2 P Y1iv2 P
(7172704>—/ Oé—/ OH—/ a=(y,0)+ (9, .
it

P P o P

We note that if « is a cuspidal form, then for any parabolic v € T,

<7,a>:/%a=o.

0]
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In particular, (y,a) =0, for all v € I}, for all cusps a.

We remark that our definition for the modular symbol (v, o) agrees with the previous

definition (r)qp. Indeed, if v € o, 1Ty with r = o0, then
Tayo0 oayo, b )
(r)ap :/ @ :/ a= <O’u"}/0'b_ ,a> ) (3.3)
b b

Ifa e H!

eusp(X1, C) is real-valued, we have a family of unitary characters x, : I' — S*
defined by

Xe(3) = exp (2rie (7,0)) . (3.4)

Ifa,8 € Hclusp(Xp,(C) with a = fidx1 + fodxs + fsdy and 6 = gidx1 + gadze + g3dy,

we define the pointwise inner-product

o, B] == Y (/175 + fo2G2 + f353) - (3.5)

Since o and § are I'-invariant 1-forms, one can see that [o, 8] is a I'-invariant function
from H3 to C. In particular, since « is rapid decreasing in the cusps, we conclude that

[, @] is bounded on H?, which in turn implies that
men<;,fmanPeHip:Lza (3.6)
Now, for a, 8 € Hclusp(Xp, C), we define the Petersson inner product
Wﬁ%—/wimm%, (3.7)
I\H3

and the L2-norm

a3 := (e, a) (3.8)

3.3 Generating series for modular symbols

In this section we define a generating series for modular symbols Lqp(s, €). This we relate
to the twisted Eisenstein series and Poincaré series by characters and derive some of their

essential analytic properties.
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3.3.1 Twisted Eisenstein series by modular symbols

We define the twisted Eisenstein series

Eo(Pys,e) = > xe(Mylog'vP)* , (3.9)
YELG\D

where x. is defined as in (3.4]).

The theory of Eisenstein series in H? (without a twist) is developed in [32, Chapter 3]
and [32, chapter 6.1]. We have to modify it slightly since we consider twisted Eisenstein
series, so we follow the steps in Selberg’s Gottingen lecture notes [94, p. 638-654]. They

are absolutely convergent for Re(s) > 2. In the area of absolute convergence they satisfy

Ea(’)/P,S,E) = X€(7)E0(P7576) )

—AFE(P, s,€) = 5(2 — s)Eq(P, s,€) .

We note that the function P +— E4(0y P, s, €) is invariant under the action of the lattice
Ay corresponding to o 11“{30(, = (oy 1Fab)’oo. We would like to write a Fourier expansion
with respect to the dual lattice Aj. With this in mind, for u; € Aj, p2 € A}, we define

the twisted generating series by

Xelonroy e (., 2) + (2. 9))

Lap(s, p, po, €) 1= Z P , (3.10)
'YGTah
a b
where the sum is over v = € Typ. If g = po = 0, we just denote Lgp(s,0,0,¢€) =:
c d

Lap(s,€).

We quote [32, Theorem 3.4.1] to obtain Fourier expansion of Eq4(oy P, s, €):

Ea(O'bP, 575) = 5ab[Fa : F;}ys + d)ab(sae)yzis + Z |M|871¢ab(57ﬂa 6) Yy Ks—1(27|ﬂ|y) €(<:U’7 Z>) )
O0FpEA],

(3.11)

where

T 27s

Lab(S,G), Qsab(SaM’ 6) = 7-[161[1(5707.“’ E) (312)

Pale) = PTG

T Pol(s — 1)
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and K denotes the K-Bessel function.

If aj,--- ,a;, € P(C) are the inequivalent cusps for I'\H?, we define
(P, = e Ho (Psi) and dyy(5,€) = o, (5.
(P, s,€) == ————F,.(P,s an ii(5,€) = ————a.a,(5,€) .
i\, 8, € [Pai I—\{lz] a; )5, € ij\S; € [Fai Fal] a;a; , €
We let
EI(P7876)
E(P, s, €)= : and  ®(s,€) := (Pij(s,¢€)) -
Eh(P,S,G)

We call ® the scattering matrix. Then both E(P,s,e) and ®(s,€) have meromorphic

continuation to all of C. The following functional equation is satisfied:
E(P,2—5s,€) =P(2—s,6)E(P,s,€) .

Also, poles of E(P,s,€) occur only where ®(s,¢€) has poles and vice versa. In the
region Res > 1, there are only finitely many simple poles, and they are on the interval

1 < s <2 of the real line. If 1 < 0 < 2 is a pole of Ey(P, s,¢€), we define
Uq,o (P, €) = Resg—g Eq(P, s,€) . (3.13)

We denote by L?(I'\H?, x.) the space of all square-integrable functions f over I'\H?
that satisfy f(yP) = xc(7)f(P), for all ¥ € . Then uq,(P,e) € L*(T\H?3, x.) and
moreover

(A+0(2 = 0))tao(e) =0 . (3.14)

We study the spectral theory of L?(I'\H?, x.) in Section m The spectrum of
—A on L*(T'\H3, x.) contains a finite number of discrete eigenvalues in [0, 1), call them
0 < Xo(e) < Ai(e) < --- < Ag(e) < 1. Then Eq(P, s,€) is meromorphic for Re(s) > 1 and

has possible poles at s;(e) corresponding to Aj(e), so that s;(€)(2 — sj(€)) = Aj(e).

3.3.2 Twisted Poincaré series by modular symbols

We now introduce the twisted Poincaré series, extending the definition of Sarnak in [88].
We will use them to obtain an integral representation for the series Lgp(s,0, i, €) and to

find the residue of Lgy(s, 0, 1,0) at s = 2.
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For p € A}, we define
[ _ _ 71 _
Bau(Ps,€)i= Y xe(Mylog 'y P) e > P e((z(a 1y P), 1)) - (3.15)
YET\T

We observe that for Re(s) > 2, the series converges absolutely, since it is certainly domi-
nated by the Eisenstein series. Also, since the function y(a;lP)se*Z’T'“'y(”;lP)e((z(a;lP), w))

is I';-invariant, it follows that Eq (P, s, €) satisfies

Ea,u(7P75>€) = XE(’)’)Ea,,u(]%Sae)

and that Eq ,(0pP, s, €) is Ap-invariant. Additionally, it is easy to check that for Re(s) > 2
and p # 0,
Eu (P, s e) € LA(T\H, x.). (3.16)

An easy computation shows that

(A4 5(2—5))Equ(P,s,€) =2m|p|(1 — 25)Eq u(P, s+ 1,€), (3.17)
which can be rewritten as

Eugu(P,s,€) = 2nljul(1 = 25)R(s(2 — 8),€) (Bu(P, s + 1,€), (3.18)

where R(),¢€) is the resolvent of A on L?(I'\H?, x.) at A\. We have that R(s(2 — s),¢) is
meromorphic for Re(s) > 1 and has possible poles at s;(€). Hence, from (3.16)) and (3.18),
it follows that Eq ,,(P, s, €) may be analytically continued to Re(s) > 1, with possible poles

at s;(e).

Next, we want to use the Poincaré series to obtain an integral representation for the

generating series Lgg(s, 0, i, €).

Lemma 3.3.1. Let p € Ay \ {0} and Re(s),Re(w) > 2. Then we have the integral

representation

_ Pl(dxlph ™t T(s)T(w —1/2)

L 0 =
ab(sa ) 6) 27rs+1/2|'u|571 I‘(w + 55— 2)1"(w _ 5) T'\H3

Ea(PwSae)Eb,lt(P’ w, e)d’U :



3.3. Generating series for modular symbols 67

Proof. We use a standard unfolding technique together with (3.11)) and (3.15) to obtain

P — o dridxad
Ey(P, s,€)Ey ,(P,w, €)dv _/ Ea(0uP, s, €)y" e 2mHlve(— (2, M>)M
0

T\H3 Pe y3

* W —27|uly s—1 dy
= yre Polli]*" ban(s, 1, €) y KS—I(QW’M’?J)?
0

B 278 Voo T(w+s—2)I(w—s)
=Lan(5: 010 ) s W e T T 1)

where we have used [47), p. 205] for the integral of the Bessel function. O]

Remark 3.3.1. Since Poincaré series are orthogonal to constants, or using the above cal-

culation, it follows that, for 1 € Aj \ {0},

Ey (P, 5,0)dv =0 .
I\H3

Next we want to use Lemma to find the analytic properties of Lqp(s,0, 1, 0) at

s =2.

Lemma 3.3.2. For i € Af, the series Lqp(s,0, 1, €) admits meromorphic continuation to

s€C. At s =2, Lqgy(s,0) has a pole with residue

PallPollTq : T
Ress—2 Lah(S,O) = | ;Qolb(gx\aﬂﬂg) a]

while for p # 0, Lap(s,0,p1,0) is holomorphic at s = 2.

Proof. Since the Eisenstein series Eq(P, s, €) admits meromorphic continuation to s € C,
its Fourier coefficients admit meromorphic continuation as well. Hence from and
, we obtain meromorphic continuation for Lgg(s, 0, u, €).

When g = 0, we make use of the MaaB-Selberg relations in H? [32, p. 110], which

tell us the behaviour of truncated Eisenstein series. We define

Equ(z,8,€) — e[l : T ](Im o LP)® — ap(s, €)(Imo, LP)2~5, if P e Fo(Y),
EY (Pos.c) = a ) = 0ap[l'a : '] (Im oy~ P) ab(s, €)(Im oy~ P) (Y)

Eqo(P, s, €), if P e F(Y),

where we have the disjoint union of the fundamental domain F = F(Y)U Fo, (Y)U--- U
Fa, (Y) as in (2.31). Thus, by removing the cuspidal contribution, Fq(P,s,€) is square-
integrable. The Maafi—Selberg relations give us a formula for <EY(P, 5,0), EY (P,t, O)>,
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see [32, Theorem 3.3.6]):

1 _
(EY(P,s,0), EY (P,t,0)) :maabmy[ru (THY st

L p g oyst— L [Pollla: T -
s POV = s (5, 0)Y >
+8 —t’ alPas(,0) P F/b] bas(5.0)
h
’Pu-’ 1 o .
_ — e ua, (8,0 (£,0)Y 1.
; [T, = TG 7000 (5,000, (1,0)

We know that E) (P, s,0) has a simple pole at s = 2, and by taking Y — oo as in [47,
Proposition 6.13], one obtains

[Pal[Ta : T'g)

Ress=2 Fq(0p P, 5,0) = vol(T"\H3)

(3.19)

The conclusion follows from relating Lqp(s,0) to the 0-th Fourier coefficient of F4(P, s,0),

as it can be seen from (3.11)) and (3.12)).

Now, when p # 0, then we know that Lg(s,0,u,0) has at most one simple pole
at s = 2. Using the integral representation from Lemma this residue would have

(1, By ,(P,w,0)) as a factor, and by the remark above, this vanishes. d
3.3.3 Bounds for modular symbols
In this section we prove upper bounds for modular symbols, in similar fashion to [51}

Proposition 3.3] or 77, Proposition 2.6].

* %
Theorem 3.3.1. Ify = € Tap, then (oqyo, ' a) < |log|c|| + 1.
c x

Proof. We define the antiderivative of a:

Fu(P) = / Y (3.20)

Since « is cuspidal, it follows that it is rapidly decreasing at cusps, and hence F' is well-

defined on H? U {cusps}. We note that

We note that F) := Fyo0, is invariant under the translations in A4. Since « is rapidly

decreasing at the cusp a, it follows that F,(P) is bounded for y(o; 1 P) > Yy with Y chosen
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as in ([2.31])).

Writing oo = fo1dx1 + fa2dxa + fo3dy, we conclude that

JCTlP
Fa(P) = / fu,ldxl + fa,2dx2 + fa,?)dy
J

joo

y(oq IP)
= / fas3(z,y)dy (for some z € Py)

o
Yo y(oqa ' P)

= fhs(z,y)dy-+u/q fa3(2,y)dy

00 Yo

< 1+ |logy(o7'P).

The contributions from dz; and dxo drop since we are integrating along the y-axis, and
the last inequality follows from the fact that fq3(z,y) < 1/y, see (3.6). We deduce that
ford €T,

(0, ) = Fo(0P) — Fo(P)

< llog(y(aa_léP))] + |log(y(aa_1P))| +1.

a b
Pick v = € o, Top and P = 04(0,0,1). Then the equation above implies
d

that
<0a70;1,o¢> < |log(|c|2 + |d|2)\ +1.

The lower left element c is constant in a double coset in oy 'Thoq\og 'T'op /oy, 11’205
. a/ . .
and clearly |c| > cqp. Hence we can choose a representative in this double coset

such that |d| < |¢| and we conclude that

<0a’yab_1,a> < |logle|| +1.
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3.4 Perturbation theory of objects twisted by modular sym-
bols

In this section we study the dependency on e of the space L*(T'\H?, x.). Recall that
Xe(7) = exp(2mie (7, ) ), so by studying the analytic properties and perturbation theory in
e of L?(I'\H?, x), we obtain information about the value distribution of modular symbols.
If we denote by Ao (¢) the first eigenvalue of —A on L?(I'\H?, . ), we will see that, for € small
enough, Ag(e) is analytic in € and we obtain the first few terms in the Taylor expansion

around ¢ = 0. We also study the behaviour of the residue of Lgp(s,€) at so(e), where
50(€)(2 = 50(€)) = Ao(e):
3.4.1 Spectral theory of the space L?(I'\H?, y.)

Denote by L?(I'\H3, x.) the space of square integrable functions on I'\H? with respect to

the hyperbolic metric, satisfying

fFOOP) = xe(f(P) .

For f,g € L?>(I'\H?, x.), we note that fg is I'-invariant. Hence we define the inner product

gye= [ sade.

We let D(e) C L?*(T\H?, x.) be the subspace consisting of all C?-functions such that
Af € L2(T\H?, x.). For f,g € C'(H), as in [32, p. 136], we define

Gr(f, g) = Zﬂ(fm% + fm% + fy@) = [df7 dg] > (3-21)

where we have used the notation introduced in (3.5). Then for all f,g € D(e), Gr(f,g) is

I-invariant. Moreover, the following theorem holds, see [32, Theorem 4.1.7].

Theorem 3.4.1. For all f,g € D(e),
[ (cangiv= | axrgin.
I\H3 \H3

In particular, —A : D(e) — L*(T'\H, x.) is a symmetric and positive operator. We
denote by L(e) the closure of A acting on D(e).
The theory developed in [32, Chapter 5] for L?(I'\H?) can be straightforwardly gen-
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cralised to L2(I'\H?, x.). The operator L(e) is nonnegative, its spectrum consists of a

discrete part and a continuous part. Let

0< )\0(6) < )\1(6) < )\n(E) <1

be the eigenvalues in the interval [0,1) counted with their multiplicities.

The first eigenvalue is zero if and only if € = 0, in which case it is simple and the
eigenspace is generated by the constant function. We write A, (€) = s,,(€)(2—sy(€)), where

we choose 1 < sp(e) <2 for 0 < \p(e) < 1.

Recall that since « is cuspidal, there exists some compactly supported 1-form & such

that

(v,a) = (v,a) forallyeTl.

With this in mind, we define

P
Ud(P,€) 1= exp (27rie/ &) (3.22)
a
and consider the unitary operators

Uae) : LA(T\H?) — L*(T\H?, x.),

f*_> Ua('ve)f .

We also define
L(€) := Uyg(e) " L(e)Uq(e) (3.23)

This implies that L(e) = A outside the support of a. This will be crucial later in the

thesis, particularly in the proof of Lemma [3.4.3

This construction ensures that the operator L(e) acts on the fixed space L?(I'\H?)
and that L(¢) and L(e) are unitary equivalent. This implies that Spec(L(e)) = Spec(L(e)).

Write a = fidxy + fodxs + f3dy. Using the fact that

AU (P, ¢)

or 2mie f1(P)Uq (P, €)

and the other two similar corresponding derivatives with respect to xo and y, we observe



3.4. Perturbation theory of objects twisted by modular symbols 72

that
? 9? 0?2 0
Leh =Uy(P,e) ' [ ? | == + = + == | —y— | (Ua(P, )R
(6) ll( 76) (y <ax% + 8113% + 82}2) yay)( a( 76) )
oh 0 0
=Ah + 4miey? fl— + f2 + f3 + 2miey? Oh + f2 + ofs h
Ox1 | Oxo dy
2y?(fL + f3 + f3)h — 2miey fsh.
We conclude that
L(e)h = Ah+ eLMh + ELPp, (3.24)
where

LWh = 2mi (4 Oh | Oh | Ofs) _ yfs | +4mildh,a] ,
oxr1 Oxg oy

L®h = —4n2[a, alh .

In particular we note that L(¢) is independent of the choice of the cusp a and as a function
of € is a polynomial of degree two.

From now on, we fix Yj in large enough such that & vanishes on cuspidal sectors
Fa(Yp), for all cusps a. Fix Y > Y;. We choose h € C*°(R*) such that h(y) =0 fory <Y
and h(y) =1 for y > Y + 1. Then for s € C and P € F we define

sy o | MO P PY P € Fo(To)

We extend hq(-, 5) to a I-invariant C°°-function defined for s € C and P € H3.
We also define

Q.={se€C| Re(s) >1, s(2—s) &Spec(—L(e))} . (3.25)

We have the following Lemma, similar to [32, Lemma 6.1.4], [80, Lemma 2.1] or [79,

Lemma 3.1]:

Lemma 3.4.1. For s € §), there exists a unique Dy (P, s,€) such that

(L(€) + 8(2 — 8))Do(P, 5,€) =0, Dqy(P,s,¢) — ha(P,s) € L*(T\H?) . (3.26)
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Moreover, Dqy(P, s, ¢€) is holomorphic in s € Q. and real analytic in €.

Proof. If such a solution exists, we write
9a(P, 5,€) = Do(P, s,€) — he(P,s) € L*(T'\H?) .
We apply (L(€) 4+ s(2 — s)) to deduce
(L(€) + 5(2 = 5))ga(P, 5,€) = Ha(P, s,€) , (3.27)

where

Hy(P,s,e) = —(L(€e) + s(2 — 5))ha(P, s) . (3.28)

We note that H, is a [-invariant C'°°-function in the variable P, which is moreover of
compact support when restricted to F. It also depends holomorphically on s € ).. More-
over, since L(e) is equal to A outside the support of &, we observe that Hy is independent
from e, so that we can write it as Hq(P, s).

We can now use as a definition for H,(P,s), and for s € Q, we can apply the

resolvent operator defined as
R(s,€) = (L(e) + 5(2 = 5))™"
to obtain a unique function
9a(P,s,€) = R(s,e)Hqy(P,s) € L*(T\H?) .

Since there exist only finitely many values of s € C with Re(s) > 1 for which s(2 — s)
is an eigenvalue of —A = —L(0) and we know that L(e¢) is a polynomial in € given by
(3.24]), we can use the arguments in [52, p. 66-67] to conclude that the resolvent R(s,¢)

is holomorphic for s € ). and depends real analytically on e. O

Remark 3.4.1. For Re(s) > 2, the equation ([3.26]) agrees with
Do(P,s,€) = Ug(e) L Ey(P, 5,€) .

Therefore, the conclusions of Lemma hold for the Eisenstein series in the region
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s € Q.

3.4.2 Behavior of \j(¢) and the residue of Lg(s,¢€) at sqo(e)

We know that A\yp(0) = 0 is a simple eigenvalue for L(0) = A. It is possible to apply Kato’s
perturbation theory for finite dimensional spaces |52, p. 68-70] for our operator L(e) of
the form (3.24)), as explained in [83, Section 4]. We conclude that for € in a small interval

around 0, A\g(e) is real analytic in € and also Ag(€) is a simple eigenvalue.

We let ug(P,e) € L*(T'\H?, x.) be the normalised corresponding eigenfunction of
—L(e), ie.

— L(e)ug(P,€) = Mo(e)ug(P,e) and /F\H3 lug (P, €)|?dv =1 . (3.29)

We want to study the behaviour of Ag(€) around e = 0. We adapt the proof of [82, Lemma
2.1].

Lemma 3.4.2. We have that A\j(0) =0 and

872

_ 2
- VOl(F\H?’) HaH2 .

A5(0)

Proof. We apply Theorem with f(P) = g(P) = up(P,€) to obtain

2 2

Ouo
dy

Ouo
8:::2

Ouo
0:51

Xo(e) = Gr(uo(-,€),up(+,€))dv = /F\H3 > <

I'\H3

2 dxidxady
y3
(3.30)

In particular, we note that Ao(€) > 0 and Ag(e) = 0 if and only if the ug(P, €) is constant
iff e=0.
We differentiate (3.30) with respect to e, yielding

Ny(e) = 2/mHS Gr @?,uo(-,e)) dv . (3.31)

Setting € = 0 we deduce that Aj(0) = 0 since ug(P, 0) is a constant function. Differentiating

once again,

62u0 @UQ Ouo
" _ R . e e
0(6)—2/1“\ s (GI‘( 2 ,uo(,e)) —|—GI‘( . s . >)dv. (3.32)
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We define
3UO
P):= — .
w(P) = —- »
Hence ([3.32) and ({3.7)) give us
A(0) =2 Gr(w,w)dv = 2||dw]|3. (3.33)
'\H3

since the mixed term vanished because wuy(+,0) is constant.
Since ug(P,€) € L?(T'\H?, x.), we know that ug(yP,€) = xe(7)uo(P, €). Differentiat-

ing this equation with respect to € and then setting ¢ = 0, we obtain that for all v € T,

2mi (y, o)

wirP) = w(P) + s

: (3.34)

where we have used the fact that ug(P,0) = 1/4/vol(I'\H3). Moreover, since we know
that A\o(0) = A\{(0) = 0, we know from (3.29) that

Aw=0. (3.35)

If we define 8 = dw — 2mivol(T'\H?)~'/2q, then § is a harmonic, T-invariant 1-form

such that for all P € H3 and vy € T

~P
B=0. (3.36)
P

In other words, this means that (v,3) = 0, for all v € T', and since we have a perfect
pairing and 3 is a harmonic differential, this implies 8 = 0. The result then follows from

B-33). O

Remark 3.4.2. From the proof above, we can deduce that w is of the form

w(P a+ Cg for some Q € H*,

omi P
)::w/vour\m@)]g

where Cg is a constant.
Corollary 3.4.1. Let

a3
vol(T'\H?)
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Then
so(€) =2 — 2 CLe? + O(€%) .

Proof. It follows immediately from Lemma and the fact that Ag(e) = so(€)(2—so(€)).
O

Lemma 3.4.3. We have that

_ [ Pal|Pol[Ta : FQ] 2i|Pa||Pe|[I'a : Fél] /b 2
Ress—so( Lav(s:€) = — 0 mmm) ¢ o), @ TOE)

Proof. From the Fourier expansion (3.11]) of the Eisenstein series, we deduce

v
Eq(04P, s, €)dx1dza = S4p|Po|[Ta : Thly® + ﬁLab(S, )y .
Py -

We look at the residue at s = sp(€) on both sides of the equality to obtain

2—s0/(€)
Y
50(6)7—1 Ress:so(e) La[,(s, 6) = Ress:so(e) /Pb Ea(O'bP, S, e)dxldxg

:/ ua(abP,e)d:rldacg,
P[u

where
ug(P €) := Resg—gy(c) Ea(P 8, €) -

Since so(€) = 2 + O(€?), it follows that

1

0 (Resszso(e) Lay(s,¢)) — / va(0p P)dx1dzo
Py

Oe

s

e=0

where

We define
wa(Py€) = Uy(P, 6)_1ua(Pa €). (3.37)

Then wq(P,¢) € L*(T\H?) and it is an eigenfunction of L(e) with eigenvalue \g(e). Dif-

ferentiating (3.37)) with respect to € and then setting e = 0, we get

P
P.
wlP) = 2mi wy(P0) [ a+ 22O
a

€ e=0




3.5. Moment generating function 77

We note that when P is in the cuspidal sector F4(Yp), the right-hand side of the
equality above is zero, since a is compactly supported, and L(e) = A in this region, hence
wq(+, €) is constant in this region.

Now, as in , we know that uq(P,0) = %, so by using the results in Lemma
and Remark [3.4.2] we deduce that

_2mi|Pa|[Ta : Ty) [
va(P) = = TV /ao‘

Since « is a cuspidal one-form, from definition we know that

O’bp P
/ </ a) dridzy = / (/ af,‘oz) dx1dze =0
Peo b Py joo

hence
9 (Ress=80(6) La (s, 6)) _ 2i|Po|[['q : Féx] / /%Pa — 2i|Py||Py|[lq : F;] /b o
de ~ vol(T\H®) Jp, Ja B vol(T'\H3) a
O
3.5 Moment generating function
In this section we study the exponential sum
Z Xe(aa*yab_l) = Z exp(2m'e <aafyah_1,a>)
V€T 6 (X) V€T ap (X) (338)
= [[p : Ty] Z exp(2mie(r)qp),
T‘ERnb(X)

which is the moment generating function for the distribution of modular symbols. Mo-
ments of modular symbols can be obtained by looking at the derivatives at ¢ = 0 of this
sum. We relate this sum to the generating series Lgp(s,€). We write the first few terms
in the Taylor expansion around € = 0, thus obtaining expressions for the first and second
moments of the distribution of modular symbols. Additionally, we show that the values

in the set Rqp(X) become equidistributed modulo the lattice A4 as X — oo.

Firstly, we need the following lemma about bounds on vertical lines for Lqp(s, 0, p, €).

Lemma 3.5.1. Fiz some § > 0. If 1+ < Re(s) <246 and s(2—s) bounded away from
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spectrum of L(e€), then, uniformly in e,
Lao(s,0, 1, €) <5 (14 |p])> R Hs) (3.39)

Proof. For u = 0, we use a similar argument of that in [94, p. 655] (which follows from the
MaaB-Selberg relations in H? [32, p. 110]). We have that |¢qp(s,€)| = O(1) in the region
Re(s) > 1+ n and away from the spectrum of L(e). Now, the result follows from (3.12).
When g # 0 and Re(s) > 1, we use Lemma [3.3.1] Choose w = 2 + 2§ + it, where
s = o +it. Then Stirling’s formula gives us that the contribution from the Gamma factors
is O(|s]).
Next, we want to study the contribution from the integral. We use Lemma [3.4.1] to

deduce that for Re(s) > 1 and s(2 — s) bounded away from the spectrum of L(e),

/‘EG(P,S,G)E[,,H(P,IU,E)‘CZU:/ |Da(P, s,€)Eyp (P, w, €)|dv
F F

< / \hal(P, 8) By (P, 5, €)|do + / (Da(P. 5, ) — hal(P. 5)) By (P, €)|dv .
F F
The second integral is bounded by
”g(o';1P7 S, G)HLQHE[LM(P7@7 6)HL2 <1.

It remains to study the first integral. It suffices to concentrate on the cuspidal sector

Fa(Y) since hq(P, s) vanishes everywhere else. We get

/ |ha(P, s)Ey (P, w, €)|dv :/ / |y° Ep (0o P, w, €)| dv .
Fa(Y) Y Pa

Now, with our choice of w = 2+20-+it, we see that Fy , (0P, W, €) decays exponentially

in the cusp, so the integral above is indeed bounded. This in turn implies that
/ |Ea(P,s,€)Ey ,(P,w, e)|dv < 1,
f

and hence we obtain the desired upper bound for Lg(0, u, s, €). O

We obtain the following expression for the moment generating function by using a

similar method to |77, Section 4].
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Lemma 3.5.2. There exists an absolute constant v > 0 depending on the spectral gap of

A such that, uniformly for € small enough,

B . XQso(e) i
Z XG(O'a’yO'b ) = s (6) Ress:so(e) Lab(sa E) (1 + O(X )) :
YETwp (X) 0

Proof. Let ¢y : R — R be a family of smooth nonincreasing functions with

1 ift<1-1/0,
ou(t) = (3.40)
0 ift>1+1/U,

and qbg) (t) = O(U’) as U — oo. For Re(s) > 0, we consider the Mellin transform

° dt
Ry (s) _/ d)U(t)tS? . (3.41)
0
We can easily see that
1 1
Ry(s) = ST ) (U) as U — oo (3.42)

and for any ¢ > 0

RU(3)20<1< u >) as |s| = 00 | (3.43)

[s] \1+ s]
where the last estimate follows from repeated partial integration. Now we use the Mellin

inversion to obtain

- —1 | - N X%
> wleaey ) ou () = 2 Rloan Vg [ T Ru(sas

Y€Tap Y€Tap o(s)=3 |C
1
= — Lao(5,€) X% Ry (s)ds .
27 JRe(s)=3

Next, we recall Lemma and equation (3.43) to deduce that the last integral is abso-

lutely convergent. We want to move the line of integration to Re(s) = h, where

b 2max(s1(0),1) + 2
= 3 .

Then for e small enough, si(e) < h < sg(e). We integrate along a box of height T" and

let 7" — oo. Indeed, the polynomial growth on vertical lines of Lgp(s,€) guaranteed by
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Lemma together with equation (3.43)), give us

Jim Ae(s)zg Lao(s,€)X* Ry (s)ds = Jim o Lap(s,€)X* Ry (s)ds =0,
|t]>T t>T
and
Tlgi;o h<Re(s)<2 Las(s,€)X** Ry (s)ds = Tlg]go h<Re(s)<2 Las(s,€)X** Ry (s)ds = 0 .
Im(s)=T Im(s)=—T
We conclude that
1 2s 1 2s
P Lab(sa G)X RU(S)dS =— Lah(S, E)X RU(S)ds
271 Re(s)=3 2mi Re(s)=h

+ ReSS:SO(E) (Lab(s, E)XQSRU(S)) .

Setting ¢ = 3 in (3.43)), we observe that
/ Las(s,€) X% Ry (s)ds < X?hU3 .
Re(s)=h
Now, ([3.42]) gives us

. X250(e) 1
Res g (o) (Lab(s,e)X2 Ry(s)) = ol <ResssO(6) Lap(s,€) + O (U>> . (3.44)

Since we want this to be the main contribution, we choose U = X%, where

2 — max(s1(0), 1).

a= 1
With this choice, for € small enough, we get
= w2} X200 »
S ooy o () = (Resco Las(s,) +OX0) . (349

YELqp

Setting € = 0, using Lemma we obtain

5 oo () = (ot o)

v€Tqn

We now choose ¢}, and ¢ as in (3.40) with the further requirements that ¢(;(t) = 0
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for t > 1 and ¢2U(t) =1for0<t¢<1. Then
2 2
1 (Il 2 (e
Sa(d)e ¥ sxa (L),
v€Tae ’YGTab(X) YETup

so the previous two equations give us

#Top(X) = X* <‘P2“Jr %LE{‘H;)“ + O(X‘a)> : (3.46)

Also, from the definition of ¢,

2 1 2 1
> Xelowro,t) du (‘;’2>— > Xe(Ua’Y%_l)JrO(#{’yeTab : 1_U§|)c(|2§1+U}) .

v€Tap ’YETuh(X)
(3.47)
But now we use (3.46)) to bound the size of the error term
1 c? 1 1 1 n
1 - <l < i Qe — = — | = a/2)
#{VETab - - < _1+U} Ta (X,/HU Too | X\/1- O(X )
The conclusion follows from (3.45)) and (3.47)). O
Let

F(€) = Ress—gy () Lab (s, €)

and we write its Taylor expansion around € = 0 as F(€) = Y ;- Cke®. So far we have

shown that

¢y [PellPollTs : T

2P| Pyl[Ta : T /"
o) 4 A= ma - L

We note that the coefficients C, were essentially computed by Petridis—Risager in [79],

allowing them to obtain all moments for modular symbols.

Corollary 3.5.1. If ¢ > X ¥/* for some v > 0 depending on the spectral gap, then

1

a
—-1 . 2 2 id
—_— E eloayo, 7)) = 1+¢ 2m/ a)—l—e —2m%1log XCy + D qp) +O(X ,
#Tab(X) X( a'}’ b ) < b ( g ,Clb) ( )

YET 4 (X)
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where

C
Deap = 272Co + == . (3.48)
Co

Remark 3.5.1. From the formula above we observe that computing the variance shift D, 45

is equivalent to finding the second term in Laurent series expansion of %Lab(s, €) .
€=

or in other words finding the first two terms in the Laurent expansion of the Goldfeld

Eisenstein series E2(P, s). For the case of H? this is done in |79] and their methods could

be extended to work in H? as well.

As a consequence of our work so far, we can show that R, (X) is equidistributed in

the fundamental domain P, as X — oo.

Proposition 3.5.1. There exists v > 0 depending on the spectral gap for A, such that for
all p e A7,

S ellr)) = o) g e T X+ 0 (1 )X

r€Rqp(X)

In particular, for any continuous function h : C/Aqy — C,

D reRgy(x) M(T)
2 — h(z)dz as X — oo .
#Rap(X) C/Aq (=)

Proof. From Lemma [2.6.1] the generating series for the exponential sum is

> e(wr) 1 Ze““"yo@): ! Lo (s, 11,0,0) .

2 - TV 2 LT
TERab(X) ‘C‘ s [Fb * Fb] ’YETub ‘C’ s [Fb * Fb]

By inverting v in the series above, we note that Lgp(s, pt,0,,0) = Lpqa(s,0,—p,0). We
use a contour integration argument similar to the one in the proof of Lemma The
polynomial growth of Lp,(s, 0, —p, 0) on vertical lines is guaranteed by Lemma whilst
by Lemmawe know that Lyq4(s, 0, 1,0) has a pole at s = 2 if and only if © = 0. Finally,

from ([3.46]) we know that

Pal|Po|[La : T, L
#Rab(X) = X! (271'!\70](HF\71|{[3)[P5 ]Fg] + O(X )> ’

The second claim follows from the generalised Weyl equidistribution criterion. O
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3.6 Normal distribution of modular symbols

We now have all the ingredients to prove that modular symbols have asymptotically a
normal distribution. We make use of the Berry—Esseen inequality and of our results about
the behaviour of so(€) and Lgp(s, €).

We recall the Berry—Esseen inequality, see [105, Theorem I1.7.16].

Theorem 3.6.1. If X is a real valued random variable and T > 0, then

1 T
<T+1T

For v € Typ(X), we define the random variable

_ 1 -1
A, = Cilog X (oavoy ', ) (3.50)

where 7 is chosen uniformly at random from Typ(X).

We fix t := 2me/Cy log X. Then, by definition,

e~*/2 — E(exp(itX))

sup dt . (3.49)

z€R

/‘ e 12t —P(X < z)

1 —_
T 2 Xdoweyh).

7€Tab (X)

E(exp(itAy)) =

Fix some § > 0. We choose T = (log X)'/?=% and apply Theorem for the
random variables A,. We split the integral on the right-hand side of (3.49) into three
ranges, depending on the size of ¢. All the implied constants are uniform in € (and hence

in t).
1. Small |t|. Suppose |t| < X9, for some small 6. Using exp(if) = 1 4+ O(#) and the

bounds for <0a'ya; L a> provided by Theorem we obtain

t
E(exp(itA,)) =1+ 0O oayor L a
(exp(itA,)) #ﬂwmﬁ%X%%?)<7b )

:1+OGI%X>.

Also, when |t| < X9, we see that

2
e_t2/2:1—%+0( 4):1+O<tX‘5) :
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Therefore

/|t<x—5

2. Medium |t|. Suppose X 0 < |t| < (log X)°, where § > 0. Using that

e /2 E(exp(itA))

dt < / Vieg X dt < X792
[t|<x—9

s0(€) =2 — m2Che* + O(e),

we see that

9 X 2s0(e)—4
so(e€)

= exp (10gX(—27T2Ca62 + 0(63)) (1+0(e))

E(expl(itA,)) = (1+0(e))

= e /2(1+ O(3log X) + O(e))

—12/21413 —t2/2
— e—t2/2 +O € / |t| + € / ]
Viog X (log X)/2-6

Hence the contribution from such ¢ is

emt/2 E(exp(itA,))
t

dt

/X5<t|<(logX)5

e t?/242 e—t?/2
<</ + dt
x-i<ltl<(log x)5 \ (log X)1/2  |t[(log X)1/2—°

< (log X)~1/2+9

3. Large |t|. Suppose (log X)? < |t| < (log X)'/2=%. Similarly as in the previous case,
E(exp(itAv)) < e—t2/2+0(|t\3(logX)*1/2) < e—t2/4 < e—(logX)5/2 ‘

Therefore, the contribution from large |¢| is bounded by

—(log X)%/2
e

dt < (log X))~ Y2 .
/(10gX)5§|t§(1ogX)1/2—5 |¢] < (log X)

Putting everything together, we conclude the result in Theorem [3.1.2(a). Parts (b)
and (c) of Theorem where the results about the first and second moments are stated,
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follow easily from Corollary

Remark 3.6.1. The method exposed in this chapter can be generalised to cohomology
classes Hclusp (I',R), where I"' < SO(n + 1,1) cofinite with cusps. Therefore we can prove

the following theorem. We refer to Section [2.7|or Chapter 4 for detailed description of the

notation.

Theorem 3.6.2. Let w be in the free part of HY, (I R). Then the random variable
v = w(y) defined on the sample space Tr(X) is asymptotically normally distributed. More
precisely, there exists a constant C, such that, or every a,b € [—o00,00] with a < b, we

have

#ivETr(X), 7l € lah] ’ ’
{ \/m } — 1 / exp —t— dt7 as X — Q.
#1Ir(X) V2r Ja 2

3.7 Results for imaginary quadratic fields

So far, we have described our results for the general case of a Kleinian group I'. In this
section we apply our results to Bianchi groups and their congruence subgroups. Let K
a quadratic number field with discriminant dx. The arithmetic properties the groups
PSL2(Ok) and their congruence subgroups, as well as the geometry of the corresponding
quotient spaces, are thoroughly described in [32, Chapter 7], while the theory of Eisenstein
series for I' = PSLa(Of) is developed in [32, Chapter 8].

The ring of integers Ok has the Z-basis consisting of 1 and w, where

w_dK+VdK
==

We denote by Pk a fundamental domain for this lattice.

The zeta function (x(s) of K is for Re(s) > 1 defined by

1
CK(S):ZW’

where the sum is over the non-zero ideals of Ok and the norm of a is N(a) = |Ok/al.
As mentioned in the introduction, Cremona has several results about modular symbols
associated to quadratic imaginary number fields. He uses them to compute spaces of

modular forms and to establish an arithmetic correspondence between elliptic curves and
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cusp forms, see [22], [23], [21]. For consistency reasons, we will use the notation used in
his work.

For technical reasons, we assume the K has class number one. This is not a vital
restriction, but it allows us to obtain nice arithmetic descriptions of the cusps and easier
formulae relating modular symbols to L-functions. Let n be a nonzero ideal in the ring of

integers O. We work with the congruence subgroup

a b
Fo(n) = p S PSLQ(OK) rcenn
C

A basis for the left-invariant differential 1-forms on H?® is chosen to be
dz dy dz
f= (_Z,y/) | (351)

Let F': H® — C? be a vector-valued function which we can write as F' = (Fp, F1, F3), then

we define the differential 1-form
1
F-g.:= ; (—ngz + Fidy + FQdE) . (3.52)

Definition 3.7.1. Let F : H? — C3 be a vector-valued function and v € GLy(C). Then
we define a new function (F|y) : H3 — C3 by

(F|7)(P) == F(yP)j(v; P) ,

where
r2 —2rs 52
. 1 B B
J(%P)Zm 8 |r)* —[s[* —Ts
s 278 T

with r = cz + d and s = ¢y.

This definition ensures that the differential F' - § is invariant under ~ if and only if

F|y=F.

Definition 3.7.2. A cusp form of weight 2 for I'g(n) is a vector-valued function F : H? —
C3 such that

1. F - B is a harmonic 1-form;
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2. Fly=F, for all v € Ty(n);

3. For all v € PSLy(Ok) and y > 0,

/ (F[7)(z,y)dz=0 .
Pk

We denote the space of cusp forms of weight 2 for I'g(n) by S(n). We note that
F € S(n) if and only if F'- 8 is a cuspidal 1-form for Xo(n) := Io(n)\H*, where H* =
H3 U K U {oo}. In fact, the map

S(n) = HL . (Xo(n),C)

cusp

F—F-j

is an isomorphism.

For F' € S(n), we have the Fourier expansion

B B ) 4r|aly az
F=(Fy,F,B)= Y cla)y K( \dK|> (G <\/@) (3.53)

0#a€0k
where ¥ (z) = e(z + Z) and

K(y) = <—;K1(y),Ko(y),;K1(y))

for y > 0 and Ky, K7 the K-Bessel functions.

The theory of cusp forms and associated L-functions, Hecke operators, newforms etc.
is similar to the classical Atkin—Lehner theory over Q. We briefly recall the elements we
need for our exposition.

For primes 7 in Ok which do not divide the level n, the Hecke operator T, sends
the cusp form with Fourier coefficients ¢(«) to one with coefficients ¢/(«), where ¢/(a) =
N(m)(am)+c(a/7), where ¢(a) = 0 if o« € Ok. As in the classical case, a newform in S(n)
is an eigenform for all Hecke operators T, for m not dividing n, which is not induced by
a form in S(m), for any level m properly dividing n.

Secondly, let ¢ a divisor of n and e is a generator for e. Then the Atkin—Lehner

ae
operator W, on S(n) is given by the action of any matrix of the form which
cN de
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has determinant e. Then this operator is an involution and it commutes with the action

of all Hecke operators.

e 0
Let € be a unit in O% and I. denote the matrix . The action of I, on H?

0 1
sends (z,y) to (ez,y) and if F' € S(n) has Fourier coefficients c¢(«), then F|I. has Fourier

2
e 0 €

coefficients c(ea). Since and . give birth to the same action, but the
0 1 0 €

latter belongs to I'p(n), we must have that c(a) = c(€?a), for all units € € O%. Hence
if € is a generator for the unit group O}, then I, induces an involution of S(n) which

commutes with the Hecke operators, hence we can split S(n) into two eigenspaces
Sn)=8T(n)® S (n).

Newfroms in S (n) are called plusforms, and their Fourier coefficients satisfy c(a) = c(ea),
for all &« € O}. Hence they depend only on the ideal («). So if F' € S*(n), we attach to
F' the L-function

L(F,s)=Y 15((2; .

a

Since the Fourier coefficients c(a) are multiplicative, we obtain the Euler product

0 if ,
L(F,s) = [J(1 = c())N )™ + x(p)N(p)'7*)7",  where x(p) = i
p 1 ifpin.

Similar to classical case, one can deduce the Ramanujan bound |c(p)| < 2N(p)'/2,

from which it follows that L(F,s) converges for Re(s) > 3/2.

We now consider additive twists of this L-function. Fix r = a/c € K. If F is a

plusform, then we define L(F,s,r) as

sean= T, oo () -5 A ()

0#a€0k

where the second sum is over all ideals («) and
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is invariant over generators of an ideal.
We form the Mellin transform of F' by multiplying by »?*~2 and integrating along a

vertical imaginary axis. For s € C and r € K, we define

geo 25—2 952 dy
A(F,S,T') = Yy F/B: 0 Yy Fl(?",y)?-

The rapid decay of F(z,y) in the cusps ensures that A(F,s,r) is an entire function of
s e C.
We note that if F' is a plusform, then we can write modular symbols as central values

of twisted L-function:

oo
(ry=A(F,1,r) = / F-3. (3.54)
I8
We obtain analytic continuation and functional equation for L(F, s,r).
Lemma 3.7.1. Let F be a plusform in S(n), where n is a square-free ideal in Ok . Then

(a) For Re(s) > 3/2, we have

2s
A(F,5,1) = i <|C| V27|TdK|> T(s)2 L(F,s,7) .

(b) Write n = ef, where f = n+ (c). Let ¢ = (e). Denote by w, the eigenvalue of the

Fricke involution W, acting on F. Then we have the following functional equation:
1—s ea
A(F,s,a/c) = —weN(e) °A F,2—s,—— |
c

where ea is the inverse of ea in (Ok /(c))*.
(¢c) With the same notation, we have (a/c) = —w.(—ea/c).

We now quote |21, p. 415] and note that if F' is a plusform in Sy(n), then the image

of the map

~yA

IF:FO(n)—>C, IF(’}/):/A Fﬂ

is a discrete, nontrivial subgroup of R, hence of the form Q(F)Z, for some real Q(F).

In [21], Cremona provides an algorithm for computing Q(F). We show that for a fixed
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newform F', the values in the image of the map Ir are normally distributed with the
required normalisation and ordering.
We have the following description of equivalent I'g(n)-equivalent points in K, as in [22,

Proposition 4.2.2] or |23, Lemma 2.2.7]:

Proposition 3.7.1. Let %, z—z € K be written in their lowest terms. The following are

equivalent:

1. There exists v € T'g(n) such that y (%) = 2’—;;
2. There exists u € O% such that sig2 = u?saqi(mod (q1q2) + n), where prsy =

1(mod (qx)), for k=1,2.

Hence we can provide the following description for the inequivalent cusps for I'g(n),
where n is square-free. For each ideal d|n, we fix some d € O such that (d) = 0. Then a
complete set of inequivalent cusps are given by ay = 1/d with d|n. If 9 = n, then 1/d is

equivalent to the cusp at infinity. Moreover,

Rocy = {% mod Px : a € (Ox/(c)*, (c) +n = a} .

and
o= [ F5= / P8 (r
1/d
Also, for all cusps 9, we have that [I' = |0}%|/2. In particular, ’OQ( )] = 4,
](’)* ] =6 and |Oj| = 2 for all other quadratic imaginary number fields.

We note that we now have all the ingredients to derive Corollary from Theorem
Indeed, from |32, Theorem 6.1.1] we see that the covolume of PSLy(Ok) is

|di |?

vol(PSLa(O)) = 55

(K (2)

and similarly as in the 2-dimensional case, we can deduce

[PSL2(Ok) : To(w)] = [T (1 +Ip]) -

pln

Finally, the Petersson norm of F' is given by

PP = (- 8.F -8 = [ QI+ B 2
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Putting all together, we deduce that the constant C'r in Corollary is given by

_ 4| F|?
AP (2) Tyl + TP

Cr (3.55)

This completes the proofs of Theorem and Corollary



Chapter 4

Residual equidistribution of modular
symbols and generalisations to higher

dimensions

This chapter is mainly based on [19], joint work with Asbjgrn Nordentoft.

4.1 Introduction

In this chapter we develop a number of new results regarding the distribution of modular

symbols modulo primes and generalisations to higher dimensional hyperbolic spaces.

1. Firstly, we obtain joint equidistribution for the mod p values of modular symbols (ap-
propriately normalised) associated to a Hecke basis of weight 2 cusp forms restricted

to cusps which lie in a fized interval of R/Z.
2. We calculate the variance of the distribution and show a surprising bias for large p.

3. We show some particular cases of the full conjecture using connections with Eisen-

stein congruences.

4. As an application of our method, we obtain a residual equidistribution result for

Dedekind sums.

5. Lastly, we extend the equidistribution results to classes in the cohomology of general

finite volume quotients of higher dimensional hyperbolic spaces.

We note that in the case of higher dimensional hyperbolic spaces there is interesting torsion
in the cohomology. The breakthrough of Scholze [93] established that such torsion classes

have associated Galois representations. This was actually our original motivation for
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studying the higher dimensional cases, where we can consider torsion classes. Furthermore,
Bergeron and Venkatesh [4] have conjectured that, at least in the three dimensional case,
there is an abundance of torsion in the relevant cohomology group. In this chapter we are
able to shed light on the distribution properties of these cohomology classes. In Section
we will survey what is known about the dimensions of the cohomology groups, which

our results apply to.

4.1.1 Results for modular symbols

Let us state the result in the simplest case for the two dimensional hyperbolic space in an
arithmetic setup. We define the modular symbol map associated to a weight 2 and level
N cusp form f € S3(T'o(N)) as the map

100

Qor—(rf):=2m f(z)dz, (4.1)

T

where the contour integral is taken along a vertical line. One way to think about this map
is as the Poincaré pairing on T'o(N)\H? between the 1-form 27if(z)dz and the homology
class of paths containing the geodesic from r to ico. Now assume that f is a Hecke-
normalised newform. Then by [66, Sec. 1], there exist periods 2 and Qy_ such that
for all a/q € Q with ¢ =0 mod N, we have mjf(a/q) € 7Z with full image, where

1
my(a/q) = 5— ({a/q, f) + (=a/q, f)). (4.2)
Qf;t
Given a basis of Hecke newforms f1,..., fg and a prime p, we can consider the map
T myp(r) = (m;{1 (r),my (r),...,m, (r),r) € (Z./pZ)*¢ x (R/Z)

as a random variable defined on the outcome space

QQ,N = {a/q,0<a<qng(a7Q):17N|Q} (43)

endowed with the uniform probability measure. Then we have the following equidistribu-

tion result.

Theorem 4.1.1. The random variables my , defined on the outcome spaces g Ny converge

in distribution to the uniform distribution on (Z/pZ)**x (R/Z) as Q — oo. More precisely,
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for any fived a € (Z/pZ)** and any interval I C R/7Z, we have

4 {a/q € Qg NI | (] (a/q),...,m} (a/q) = amod p} 1
#QQ7N == ]ﬁ +0(1)

as @) — oo.

Remark 4.1.2. Similarly, we can prove equidistribution modulo p™ (see Theorem m
below). This translates to the fact that the random variables (m;fl, ...,my ) considered
as maps (g v NI — Q, are asymptotically distributed with respect to the (multivariate)

standard p-adic GauBian (as defined in for instance [115]).

The next natural question is to ask how well the values equidistribute. We answer this
by studying the “variance” of the residual distribution modulo p of the random variables
m]jf on the sample space €)g y. Furthermore, we show an analogue of Chebyshev’s bias
for large p, in the sense that the modular symbols are “biased” towards the residue class

0 mod p.

Theorem 4.1.3. For large enough p, there exist constants cp,d, > 0 such that

#Qo N P

3 <#{b/q € Qqn | ms(b/q) = a mod p} 1)2 ~ 0y

a€Z/pZ

as QQ — 0o. Moreover, as p — 0o, we have that ¢, = 2/p* + O(p~2) and §, — 0.

Furthermore, for p large enough, we have for Q large enough (depending on p) that:

#{b/q € Qon | m}jf(b/q) =a mod p} < #{b/q € Qg n | mjf(b/q) =0 mod p}, (4.4)
with equality if and only if a =0 mod p.

Remark 4.1.4. We explicitly evaluate the constants ¢, and J, and moreover we obtain
asymptotics for the deviation from the mean for different residue classes when p is large,

see Section [.5.3] for more details.

We can also show that some specific cases of the conjecture of Mazur and Rubin hold,
that is without taking an extra average. We state here the result in the simplest case and

refer to Section [4.3] for the more general case.
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Theorem 4.1.5. Let f € So(To(11)) be the unique Hecke normalised cusp form of weight
2 and level 11. Then the values of m? on{g|(a,q) =1,0 <a <q} equidistribute ezactly
modulo 5 for all ¢ = 0 mod 11. That is, each residue class modulo 5 is covered exactly

®(q)/5 times by the values m;{(a/q).

As a consequence of the method developed to study the special case as in Theorem

we deduce a residual equidistribution result for classical Dedekind sums, given by
q
= (k/a)(ak/q)
k=1

with (()) the sawtooth function. Dedekind sums are important objects in number theory,
they appear for instance in the functional equation of the eta function n(z). We allow for
both an “algebraic” and “archimedian” restriction on (a,q). Our result supplements the
vast literature on the archimedean distributional properties of Dedekind sums, see [36], [10]

for surveys of results.

Corollary 4.1.6. Let N,p > 5 be primes such that plN —1 and H < (Z/N7Z)* the unique
subgroup of index p. Fiz some class ap € (Z/NZ)* and some interval I C R/Z. Then the

values of
(N —-1)(a+7a)

S((Z,Nq) - S((I, Q) - 12(]

(where aa = 1 mod Ngq) on the outcome space
{(a,q) |0<q¢<Q,a€(Z/NgZ)*,a € ayH,a/q € I}

are all p-integral and equidistribute mod p as Q — oo.

We observe that the modular symbols map gives rise to a map I'o(N) — C by putting
(v, ) := (yoo, f), where yoo = a/c with a, ¢ the left upper and lower entries of v € I'o(N).

By shifting the contour and doing a change of variable we see that

V17200

(12 f) = (v, f) + 2 / F)dz = (s, £+ (s ),

Y100

which shows that modular symbols define an additive character on I'o(/N) and thus an
element of (the cuspidal part of) the cohomology group H!(Tg(N),C). Furthermore,

by the integrality conditions, we see that the normalised modular symbols m deﬁne



4.1. Introduction 96

elements of H'(T'g(N),Z/pZ). This view point is useful for generalisations.

Remark 4.1.7. We note that in [57], the slightly larger outcome space {a/q |0 < a < ¢ <
Q, (a,q) = 1} is considered (following Mazur and Rubin), that is, without the condition
that N|g. In fact, equidistribution on this outcome space does not hold in the generality
above. One has to exclude some bad primes p (see Remark below). Our methods
can also deal with this larger outcome space, by considering the Fourier expansion of
Eisenstein series at different cusps, as is done in [79] or |18]. The outcome space Qg N
above is, however, very natural from the cohomological perspective and for simplicity we

will restrict to this case.

4.1.2 Distribution of cohomology classes
More generally, let SO(n + 1,1) be the special orthogonal group with signature (n+ 1,1),
which we identity with the group of isometries of the (n + 1)-dimensional upper half
space H""1. Now, for a co-finite subgroup with cusps I' < SO(n + 1,1), we will study the
distribution of unitary characters of I' or, equivalently, cohomology classes in H!(T, S*)
(or HY(I',R/Z)). These cohomology groups have been studied in many contexts ( [89], [32,
Chap. 7]) and especially the case n = 2 is very appealing as it corresponds to Kleinian
groups due to the exceptional isomorphism SO(3,1) = SLy(C).
4.1.2.1 Results with arithmetic ordering
Let I' € SO(n+1,1) be as above and assume that the associated symmetric space I'\H"*1
has a cusp at co. Let I',_ C T" be the parabolic subgroup fixing the cusp at co. Note that
since T' is discrete, there exists a lattice A < R™ such that T is exactly the group of
motions corresponding to translations by A. We will study the distribution of unitary
characters trivial on I' or, equivalently, elements of the cohomology group Hllgo (I R/Z)
(the group cohomology classes trivial on I',_, see Section for detailed definitions).
Our distribution results are with respect to a natural arithmetic ordering on
I \I/T, which generalises the ordering in the definition of Qg n above. To define
this, we use the Vahlen model SV,_; for the group of isometries of H"™! consisting of
2 x 2 matrices over a specific Clifford algebra, introduced in [1] (see Section below
for a detailed construction). This model provides a natural generalisation to n > 2 of
the familiar models SVg = SLa(R) and SV; = SLy(C). We define the following outcome
space:

Tr(X) ={y e TL\[/T | 0< |ey| < X}, (4.5)
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a~ by
Cy dry

where v = ( ) € SV,,—1 in the Vahlen group model and |-| denotes the norm on the
relevant Clifford algebra. This generalizes the outcome space (4.3)) above and the ones
considered for n =1 in [79], [74] and for n = 2 in [18].

Now let wq,...,wy be elements of ngo(F, R/Z) in general position, meaning that for

any (ny,...,nq) € Z%, we have
mwt + ...+ ngwy = 0 € H, (T,R/Z) & (nw —0¢ H}, (T,R/Z),Vi = 1,...,d> .

As an example one can pick wi,...,wq to be a IF,-basis for ngo (I',Z/pZ). We notice
that the image of any w € H(I',R/Z) is either dense in R/Z or finite (recall that w
defines an additive character I' — R/Z). In the first case we put J, = R/Z and in
the latter case we put J, = Z/mZ, where m is the cardinality of the image of w. We
equip R/Z and Z/mZ with the obvious choices of probability measures, Lebesgue and
uniform respectively. Finally associated to v € I, \I'/T'., we define the invariant yoo €
(R"U{oo})/A using the action of SO(n+1,1) on the boundary of H"*!, see Section m

for more details. Then we have the following distribution result.

Theorem 4.1.8. Let wy,...,wq € ngo (I',R/Z) be in general position. The random vari-
ables v — (w1(7),...,wq(7y),v00) defined on the sample spaces Tr(X) are asymptotically
uniformly distributed on H;izl Juw; X (R"/A) as X — oo. More precisely, for any fizved
(continuity) subsets A; C J,, and B C R"/A, we have

4 {’y € Tr(X) | (wi(7),-- - wa(7)) € [T As,vo0 € B} 1A |B|
T (X) L] vol(Rr/A)

| +o(1)
i=1

as X — oo.

Remark 4.1.9. The Vahlen model has been used before to study automorphic forms on
H"*! for example by Elstrodt, Grunewald, and Mennicke [31] to prove a generalisation
of the Selberg Conjecture regarding the first non-zero eigenvalue of the Laplacian and by

Sodergren [100] for proving equidistribution of horospheres on H"*!,

Remark 4.1.10. Notice that the number of choices of cohomology classes in H, (I',R/Z)
in general position is infinite unless I'/([T", T'], T ) is torsion. See Section for a survey
of results on the size of HY, (I',R/Z).
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4.1.2.2 Results when ordered by length of geodesics

We can also obtain equidistribution of the cohomology classes if we order by the length
of the associated geodesics. We denote by Conjhyp(F) the set of conjugacy classes in
I which do not correspond to the identity, parabolic or elliptic elements. Then, for each
{7} € Conjyy, ('), there is a unique corresponding closed geodesic on I\H"*! whose length

we denote by (7).

Theorem 4.1.11. Let w = (w1,...,wq) be defined from a set of cohomology classes in
general position as above. The random wvariables w defined on conjugacy classes ordered
by the length of the geodesics are asymptotically equidistributed on H?Zl Ji. This means
in concrete terms that for any fived (continuity) subsets A; C J;, we have

|4
+0o(1)
| J;]

#{{7} € Conjiy, () | 1(y) < X, (wi(7)
|

#{{7} € Conjpy, (I

cwi(7) € TIE, b
I(7) < X} 1 :H

as X — oo.

Remark 4.1.12. In the case of Theorem we can remove the assumption that ' has

cusps. In fact the proof becomes more complicated in the presence of cusps.

4.2 Idea of proof

We will sketch the proof of Theorem in the simplest case, which is the one dealt with
in [57], where we consider only one cusp form for H? and no restrictions on the location
of r = a/q in R/Z. Our method is automorphic in nature and relies on the theory of
Fisenstein series. It can be seen as a discrete version of the method introduced by Petridis
and Risager in [77] for studying the distribution of modular symbols. They consider the
perturbation of the family of characters x° as ¢ — 0, whereas we consider the discrete

family x™ for m € Z.

Let f € S3(To(N)) be a Hecke eigenform of weight 2 and level N and let mjf :
I'o(IN) — Z be the associated normalised modular symbols defined above. Recall that this
defines a non-trivial additive character I'o(N) — Z. We would like to show that the values
of mf on the set Qo v ={a/q|0<a <q<Q,(a,q) =1,N|q} equidistribute mod p as
Q — oo.

To do this we introduce for any | € (Z/pZ)* the unitary character x; : (V) — C*
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defined by
.+
xi(y) i= T VP € To(N).

By Weyl’s Criterion [48, page 487] in order to conclude equidistribution, it suffices to

detect cancelation in the Weyl sums; that is to prove for all [ € (Z/pZ)* that

S xila/a) = o(@?),

a/qeQq, N
as Q — oo, where x;(a/q) := x; (7) with v € Tg(IV) such that yoo = a/q.

Now, the key observation is that the generating series for these Weyl sums appears
very naturally as the constant term of an appropriate Eisenstein series. The cancelation
in the Weyl sums is now a simple analytic consequence of the analytic properties of the
corresponding Eisenstein series. To be precise; associated to x; we have the following

twisted Eisenstein series:

E(z,s,x0) = Y. xa(7)Im(yz2)%,
'YEFOO\FO(N)

where ', = < > This Eisenstein series defines a holomorphic function for Re s >

0 1
1 and by the work of Selberg [94, Chap. 39] admits meromorphic continuation to the entire

complex plane with a pole at s = 1 if and only if x; is trivial. Note that in general the

character x; might not come from an adelic one, but Selberg’s theory applies equally well.

Now a standard calculation using Poisson summation shows that the constant term

of the Fourier expansion of F(z, s, x;) is given by

/2yl (s — 1/2)

S
L
y + F(S) 1(8)7
with
a b
L= | 2 = e,
¢>0,N|c \0<d<c,(c,d)=1 c d
a b
where is any matrix in I'o(N) with lower entries ¢,d. We observe that L;(s) is
c d

exactly the generating series for the Weyl sums above, as promised.
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Now from the meromorphic continuation of the Eisenstein series itself, we also get
meromorphic continuation of the generating series L;(s), and since x; is non-trivial we
conclude that L;(s) is analytic for Res > 1 — 0 for some § > 0. Thus we get the wanted
cancelation in Weyl sums using the standard machinery from complex analysis if we can
get bounds on vertical lines of L;(s). It turns of that such bounds follow from the general

bound for scattering matrices also due to Selberg, and thus we are done.

This shows how to deduce equidistribution of modular symbols using Eisenstein series.
The proof for classes in the first cohomology of quotients of higher dimensional hyperbolic
spaces uses the same idea, although some parts of the argument require some more tech-
nical work. In order to obtain equidistribution results when restricting the cusps to a
specific interval I C R/Z, we will have to use all the Fourier coefficients of the Eisenstein

series as is done in |79).

4.3 Some special cases of the conjecture of Mazur and Ru-
bin

In this section we will consider certain special cases of the conjectures of Mazur and Rubin
(and the generalization to H?®), which we can resolve without taking an extra average.
These special cases correspond to the fact that Hecke characters define unitary characters
of congruence subgroups, which in turn are connected to Eisenstein congruences as studied
intensively by Mazur in |63 Section 9] and [64].

First of all we will define the relevant cohomology classes and introduce the Hecke

operators in this context. Recall that for a discrete, cofinite subgroup I' C SLy(k) with

k=R or C and an element « € I of the commensurator of T, we have a decomposition

d
Fal = | |Ta
i=1
for some a,...,aq € T. Using this we define the Hecke operator Ty, acting on the coho-

mology group H(T, X) with X a trivial [-module as:

(Taw) () = Zw(%), (4.6)

=1

where ;7 = i, (;) with v; € T and o some permutation of {1,...d}.
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We will consider the case of congruence subgroups

Lo(f) = {y € SL2(Ok) [ v = (5 %) mod f},

where K is equal to @Q or an imaginary quadratic extension thereof and f is a non-trivial
ideal of Of. In this case we have I['(f) = GLy(K) and the parabolic subgroup fixing co
isT = (io1 (3[11( ) We say that a Hecke operator is good if it is of the form T,, where

a = (§9) with ged(f, (a)) = 1.

Proposition 4.3.1. Let m be an odd integer diving | (Ok /§)* |. Then there exists a class
w € HE, (To(f), Z/mZ), which is an eigenvector for all good Hecke operators and such that

for all a € Z/mZ and cy € §, it satisfies

#{7 € P\ L0()/Too | &3 = co,w(y) =a} _ 1 (4.7)

#{7 € Toc\T'0(f) /T | ¢y = co} m

where ¢y denotes the lower left entry of .

Proof. Let x : (Ok/f)™ — C* be a unitary Hecke character of order m. Then we define
a character of I'y(f) by

(25) = x(d). (4.8)

This character is clearly trivial on I',_ since the order m of x is odd, and thus defines
an element w, € ngo(Fo(f),Z/mZ). For T,, a good Hecke operator, it is easy to check
that «; (with notation as in (4.6))) can all be chosen of the form () ;) with determinant
equal to the determinant of « (thus the diagonal entries are coprime to f). Combining this

with v; = ai'ya;(li), one easily sees that

(Ta(wx)) (v) = dwx(')’):

where d = [To(f)\I'o(f)aIl'o(f)|. This shows that w, is an Hecke eigenclass with eigenvalue

d, as wanted.

Finally, recall the basic fact that a set of representatives of I'oo\I'o(f)/T'oo is given by

|cef,de(Ok/(c)
c d
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From this, the equidistribution statement (4.7)) follows directly. ]

It is a natural question to ask how the cohomology classes constructed above are
related to the modular symbols defined in . To tackle this we need to understand
so-called Eisenstein congruences, which have been studied intensively by Mazur [63]. We
will now introduce some required terminology and refer to [63] for a detailed account: We
say that a pair of primes (NV,p) with N,p > 5 and p|N — 1 is admissible if the local ring
Ty has rank 1 over Z;, where T is the Hecke algebra of level N and ‘B C T is the Eisenstein
prime corresponding to p. In classical terms (IV,p) being admissible means that there is
a unique cuspidal Hecke eigenform of level N which is congruent to the Eisenstein series
of weight 2 (i.e. f € Sa(I'o(IN)) s.t. the Hecke eigenvalues satisfy A¢(I) =1+ 1 mod p for
primes [ # N and U f = —f where U is the Hecke operators at N). By a computation of
Merel [68], (IV, p) is admissible exactly if

p—1

[Tk =1)/p))" (4.9)
k=1
is a p-power in (Z/NZ)*. Note that all pairs of primes (N, p) with N < 250 are admis-
sible unless N = 31,103,127,131, 181,199,211 (see the remark on [63, p. 141]). In the
admissible case we have the following strengthening of Proposition (see [63, Chapter

I1, Proposition 18.8] for a very related result).

Theorem 4.3.2. For an admissible pair of primes (N,p) with N,p > 5 and p|N —1, there
exists a Hecke eigenform f € Sa(T'o(N)) of weight 2 and level N such that the values of
m;{ (defined as in ) on {7 | (a,q) =1,0 < a < q} equidistribute exactly modulo p for
q = 0 mod p.

Proof. Let x be a Dirichlet character mod N of order p|N — 1. Then by Proposition m
we have an associated cohomology class w, € Hlloo (T'o(N), Z/pZ) which equidistributes as
above and such that Tjw, = (I + 1)w, for all primes [ # N, where T; is the Hecke operator
corresponding to the matrix ((l) [1)) Furthermore, w, satisfies Uw, = —w,, where U is
the Hecke operator at the bad prime N given by conjugation by ( ]‘3, (1)) Also w, is trivial
on the stabilizer ((F' %)) of the cusp 0 (using that the order of x is odd) and thus wy
defines a parabolic cohomology class.

As there is no p-torsion in To(N) (since p > 3), H5(To(N),Z/pZ) is a 2g-dimensional

vector space over ), with ¢ = dimg(S2(I'9(V))), which carries an action of the Hecke
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algebra. An element which is annihilated by Ty — ¢ — 1 for all primes £ # N and by
U + 1 corresponds exactly to a cusp form congruent to the weight 2 Eisensten series. By
the assumption that (N, p) is admissible we know that there exists a unique such Hecke
eigenform f € Sa(I'o(N)). We conclude that w, is a linear combination of mJjE.

Finally, we recall that H5(I'o(N),Z/pZ) can be diagonalized by the involution ¢ given
by conjugation with (' 9) (here we need p > 2), which follows from e.g. [65, Sec. 1]. We
see directly that the eigenvalue of w, under the action of ¢ is +1. Thus we conclude that

m}r =m - wy for some m € (Z/pZ)*. This gives the wanted result. O

This settles the conjecture of Mazur and Rubin in these very special cases, whereas
in general the conjecture seems out of reach without the extra average both with the
automorphic and the dynamical approach.

Remark 4.3.3. Strictly speaking the conjecture of Mazur and Rubin [65] is only formu-
lated for primes p and cusp forms corresponding to elliptic curves E where the residual
representation of £ mod p is surjective and p is an ordinary and good prime of E. This
is not the case in the example considered above, but the above seems like the natural
generalization of the conjecture to this case.

Remark 4.3.4. The assumption that N is prime is essential for the results of [63] to apply.
For composite level (and for imaginary quadratic fields) the situation becomes much more

complicated as multiplicity one might fail (see e.g. [109]).

4.4 Twisted Eisenstein series for H"!

Let I' < SV,,_1, ', and A be as described in Section We now fix x a unitary character

of I' which is trivial on I . From this we define the twisted Eisenstein series

E(P,s,x) = Y x(\y(rP)". (4.10)
I\l

It is absolutely convergent for Re(s) > n and satisfies

E(yP,s,x) = x(v)E(P, s, ),

AE(P,s,x) =s(n—s)E(P,s,x).

We see that F(P,s,x) is invariant under the action by the lattice A and hence it has a

Fourier expansion. It is well-known that the constant term in the Fourier expansion has
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the form y°+ ¢(s, x)y" %, where ¢(s, x) is called the scattering matriz. Its basic properties
are well-known, see |14, Ch. 6].

For p,v € A* and ¢ € C(I'), we define the generalised Kloosterman sum as in 31,

Section 4] using the Vahlen model:

a b
S(uyvse, x) 1= > X e ((ac™, 1) + (de™,v)) (4.11)
(2 8)errarm, A\ ¢
= > x(Mellyoo,m) + (v o0)*,v)), (4.12)
WGF%O\:I‘C/F{)O

where c, is the lower-left entry of v in the Vahlen model. We now calculate the Fourier
expansion of the Eisenstein series using the techniques developed in [32, p. 111-113]

and [31, p. 676-678]. We obtain

E(Pa‘S?X) :[FOO : Fgo]ys +yn 3

ke et )7 L(s, x)
)L

vol(A)T'(s

2ﬂ_syn/2 -
VOl (3) L PR (2 1.1
AT o Hsm )l R nlply)e((,m). - (413)
neA*\{0}
where
Z E ’25 = Z SW, (4.14)
verp 1“1 ceC(T)
and for p # 0,

e et ¢
L(S,X,,u) = Z Y(V)M — Z M (4.15)

2s 2s
YETp e ceC(T) g

For x = 1 the trivial character, we just denote L(s,u) := L(s,pu,1). We note that the
explicit Fourier expansion we obtain in (4.13]) is closely related to |31, Thm. 9.1].

At other cusps a # oo of I', we will also need some information about the Fourier
expansion. For this let P* = (2% 4y%) = o, !P denote the coordinates at a. Then the
Fourier expansion at a is given by [14, Ch. 6, Prop. 1.42]:

E(P*5,x) = ¢a()(y")" ™"+ Y dalss ) ()"~ Koo mnluly®)e((a®, 1)),

neA\{0}
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where ¢q(s, ) are the Fourier coefficients, which decay rapidly in |u| (for s fixed). In

particular we observe that E(P,s,x) is square integrable when restricted to Fu(Y") for

a # oo (for Y sufficiently large as in ([2.40))).

Remark 4.4.1. By inverting v in the definition of L(s, x, i), we observe that

e “loo)* e({yoo
L(s,x, ) = Y X(v) (o)1) _ > Xy o), (4.16)

2s 2s
vy€Ir ‘CW| y€Ir ‘07’

4.4.1 Short discussion on spectral properties

We say that a (measurable) function f : H"*' — C is x-automorphic if it satisfies

f(yP)=x()f(P),

for P € H"*! and v € T.
Denote by L2(T'\H"*!, x) the space of square integrable y-automorphic functions with
respect to the hyperbolic metric. For f,g € L?(I'\H"*!, ), we note that fg is I-invariant.

Hence we can define the inner product

(frg) = /ng v .

We let D(x) € L*(T\H"*!, x) be the subspace consisting of all C?>-functions such that
Af € LA T\H"! x). Then one can see that —A : D(x) — L*(T\H""!, x) is a symmetric
and nonnegative operator, its spectrum consists of discrete and continuous parts with

finitely many discrete points in the interval [0,n%/4). Let
0 < A(x) S A(x) <0 < Aelx) < n?/4

be the eigenvalues in the interval [0,n%/4) (see [89] and [14, Ch. 6]). The Eisenstein series

E(z,s,x) admits meromorphic continuation to s € C and satisfies the functional equation

E(PJ’L—S,X) :¢(n_S>X)E(Pﬂ57X) )

where ¢(s, x) is the scattering matrix. Moreover, E(P, s, x) has poles where ¢(s, x) has
poles and viceversa. There are finitely many poles in the region Re(s) > n/2, all of them

simple and on the real line. If n/2 < 0¢p < n is a pole of E(P, s, x), denote by ue, its
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residue at og. Then
Ugy € LAH(D\H" ™, x) and  Auy, + 09(n — 00)tg, =0 .
For 0 < j <k, let s;(x) € (n/2,n] be such that s;(x)(n — s;(x)) = Aj(x). We denote by

Q(x) = {s0(x),---»s6(X) }-

Then the poles of E(P, s, x) in Res > n/2 form a subset of £2(x) (exactly the non-cuspidal
part of the discrete spectrum). Moreover, we can see from |14, Ch 6, p. 37| that for y

trivial, we have
oo : T Jvol(A)
vol(T'\H"+1)

Ress—pn E(P, s) = [ (4.17)

4.4.2 Key lemmas

In this section we will prove certain key analytic lemmas that we will need in the proofs
of our theorems. First of all we will show that we can only have \yo(x) = 0 when y is
trivial. Secondly we obtain meromorphic continuation of the Fourier coefficients of the
twisted Eisenstein series, which will serve as generating series for our distribution problems.

Finally, we will prove a bound on vertical lines for these generating series.

The most conceptual way to see the first claim above is probably to use Green’s

identity

/(—Au)udv:/ Vu.Vu dv—i—/ u(Vu.n)dS.
F F oF

If we have Au = 0, then the first integral is 0. The third integral should vanish since
contributions from “opposing sides” in the boundary of the fundamental domain should
cancel each other. This would force the second integral to be 0, which means u is constant.
This argument works in principle, but for example in [32, Theorem 4.1.7] they spend several
pages making it rigorous in the three dimensional case. Instead we will give an argument

using the Fourier expansion and the mean value theorem for harmonic functions.
Lemma 4.4.1. We have that M\o(x) = 0 if and only if x is trivial.

Proof. Suppose A\g(x) = 0 and let u be a corresponding eigenvector, i.e. u € L2(I'\H"*!, x)

and Au = 0. Then we can consider the Fourier expansion of u at a cusp a of I'. We know
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from [14, Ch. 6, p.10] that the Fourier expansion of u takes the form

Clat 2o+ D aual) ()P Kya(2mn|ply)e((z, 1).
neAZ\{0}

From the rapid decay of the K-Bessel function we see that if cp o # 0, then u behaves like
(y*)™ close enough to a and thus [ Fa(Y) |u(z,y)|*dzdy is divergent contradicting the fact
that u is square integrable. Thus ca, = 0 and we conclude again using the rapid decay
of the K-Bessel functions that w is bounded on F,(Y'). Since a was an arbitrary cusp
we conclude that u is bounded on all of . Thus since x is unitary, we conclude that «
is bounded on all of H"*!. Now it follows from the Mean Value Theorem for Harmonic
Functions on H" ! that u is constant. By definition, u(yP) = x(7)u(P), for all v € T' and
P ¢ H"*!. Thus we conclude that y is the trivial character.

Therefore, if y is trivial the unique eigenfunction of eigenvalue 0 is the constant
one, and for y non-trivial there are no eigenfunctions of eigenvalue 0. This finishes the

proof. O

We now obtain meromorphic continuation of the Fourier coefficients of the Eisenstein

series and crucial information about the location of the poles.

Proposition 4.4.2. The Dirichlet series L(s, u,x) admits meromorphic continuation to
the entire complex plane. The possible poles in the half-plane Re s > n/2 are contained in
Q(x). Furthermore, there is a pole at s = n exactly if x is trivial and p = 0. In this case

the residue is equal to
oo : T JT(n)vol(A)?
72T (%) vol(D\H"+1)

Proof. From (4.13)), we know that for p € A*\{0}

= F(S) x S e(— (T i
LX) = g 2ol Jy P o el o)
and
L) = e s ([ P 500 = 0Ty ).

where P is a fundamental parallelogram for A. Now for y > 0 fixed , the Bessel function
K (y) defines an analytic function in s, which is non-zero for some y large enough. Simi-

larly the Gamma function defines a meromorphic function. Thus we get the meromorphic
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continuation of L(s, i, x) from that of the Eisenstein series. We also note that in the
half-plane Res > n/2, L(s, u, x) has possible poles only where E(P,s, x) has poles, i.e.
the poles are contained in Q(y). By Lemma we see that L(s, i, x) is regular at s = n

unless y is trivial.

If x is trivial, we see that L(s, 1) with p # 0 is regular at s = n, since the pole of the

Eisenstein series is constant. For p = 0 the residue is given by

Ress—n L(s,0) =

I'(n) / [Coo : T Jvol(A) , - [T ; I’ T (n)vol(A)?
/2T (%) P vol (T'\Hn+1) o oan/2T (%) VOI(F\Hn—H)’

as wanted. O

In order to obtain bounds on vertical lines for our generating series, we will use ideas
due to Colin de Verdiere [15], which employs the analytic properties of resolvent operators.
Alternatively, one could use Poincaré series for p # 0 and Maafi-Selberg for u = 0 as is
done in [79] and [1§]. In the end the two methods are essentially equivalent.

Let h: RT — R* be a smooth function which is equal to [[o : T, ] for y > Y +1 and
0 for y <Y, where Y is as in (2.40). Then for Re(s) > n/2 we define a y-automorphic
function on H"*! by P + h(y)y® for P € F and extended periodically (twisted accordingly
by x). Then from the above mentioned results on the Fourier expansions of the Eisenstein

series at the different cusps, we see that
9(P.s,x) = E(P,s,x) = h(y)y® € L(T\H"™, ),
which satisfies for z € F
(A = s(n—5))g(P.s,x) = —(A = s(n— s)h(y)y® = 1" (y)y™* + (2s —n + DK/ (y)y**".

We observe that the right hand side above is compactly supported with L?-norm bounded
by O(|s| + 1) for n/2 + ¢ < Res < n+ 2. Now we put

H(P,s,x) == R(s, x)(h" (y)y*"* + (2s —n+ DA (y)y°+!) € L*(D\H", x),

where R(s,x) = (A — s(n — s))~! denotes the resolvent operator associated to A. By a

general bound for the operator norm of resolvent operators [47, Lemma A.4], we conclude
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that
[H (8,022 < 1,

when s is bounded at least € away from Q(x). We can now write
E(P,s,x) =H(P,s,x) + h(y)y*, P € F (4.18)

where we have good control on the L?-norm of H(P,s,x). We will use this to obtain
bounds on vertical lines for the Fourier coefficients of E(P, s, x), mimicking |74, Section

4.4).

Proposition 4.4.3. Let € A*. Then we have
L(Svlua X) <<5:M (’5’ + 1)71/2’

forn/24+e <Res <n+2 and s bounded at least € away from Q(x).

Proof. We have

L(S,u,x):/Pfs(y,u)E((%y),s,x)e(—(x,uﬁdx—1u—o[Foo:F’oo]ysfs(y,u), (4.19)

where 1,9 is 1 if 4 = 0 and 0 otherwise and

-1
I'(s) (2m5y™ 2|2 Ky pp2mnlply)) . p#0,

I'(s) (y”*SW”/QF(s - 71/2))71 , wu=0.

fs(y,p) =

The idea is now to bound the right hand side of (4.19) using (4.18]). In order to bring the
information we have about H (P, s, x) into play, we need to make an extra integration over

y. So let Y be a fixed quantity such that {(x,y) | x € P,y > Y} C F, then we see that

Y+1
/ /pfs@’“)E((w%s,x>e(—<u,z>>dmy

Y

Y+1

— [ [ 2 (w5 x)el~ () dody
Y P
Y+1

+/ /pfs(y,ﬂ)h(y)yse(—(u,m))dﬂfdy

Y
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Now we observe that by Cauchy—Schwarz we have

Y+1
/ / Fo0 ) H (@, 9), 5, x)e(— (s 2)) deedy

</Y+l/ H((@,5). 5.0 dmdy)lm </Y-‘r1/ o) dmdy)

1/2

Y+1
< |H( 5,0 12 ( / \fs(y,u)\Qdy> ,

where we use that {(z,y) | x € P,y > Y} C F. To finish the proof we need an upper
bound for fs(y, u).

1/2

For ;1 = 0 we get by Stirling’s approximation the upper bound
Fo(y,0) <y (Is| + 1)™2,

for s=0+ it withn/24+e<o<n+2.
For 1 # 0, we use the Fourier expansion for the K-Bessel function (coming from
combining [47, (B.32)] and [47, (B.34)]) to obtain a good approximation. By applying

Stirling’s approximation, this gives for s = o + it with ¢ > 1

gl/240-n/2-1/2 7t /2 (;)it
2v/2sin(m(s —n/2)) (

—7rt/2tcr—n/2—1/2

Tluly) T2 (14 0, ()

Ks—n/2(27r‘:u‘y) =
>y €

where the implied constants depend continuously on y. From this we conclude that when

€ (Y,Y +1), we have

Foly, ) < (1+ |s|)™2.

Inserting this and using the bound |H (-, s, x)|r2 << 1, we conclude that
L(s, , x) e (1] + 1),

for s bounded ¢ away from Q(x), as wanted. O

Using this we deduce the following asymptotic expression using a standard complex
analysis argument. See [18, p. 20-21] or [74, Appendix A] for fully detailed proofs in

similar settings.
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Proposition 4.4.4. Let x be a unitary character of T' trivial on T, and u € A*. Then

there exists a constant v(x) > 0 such that

X2s0(x)

> x(e((yoo, m)) = porew

yETT (X)

(ReSS:SO(X) L(s, x, ) + OX,#(X_”(X))) _

Proof. Let ¢y : R — R be a family of smooth non-increasing functions with

1 ift<1-1/0,
pu(t) = (4.20)
0 ift>1+1/U

and qﬁg) (t) = O(U7) as U — oo. For Re(s) > 0, we consider the Mellin transform

d

Ru(s) = /0 h ¢U(t)ts7t . (4.21)

Now we use Mellin inversion and (4.16|) to obtain

c 2
> x(e((yoo, 1) du <‘)’() = 1/3 . HL(s,x,u)X‘sRU(s)ds.

211
Y€lr

We move the line of integration to Re(s) = h(x) for some h(x) > n/2 such that s1(x) <
h(x) < so(x). We use the fact that we have polynomial growth on vertical lines for
L(s, x, ) guaranteed by Lemmal[d.4.3|and that L(s, x, ) has only a possible pole at so(x)
in the region Re(s) > h(x). We conclude that

2 X s0(x)
5= e (oo aw (15) = Z22 (e Lissxon) + O (X0
YETT

for some v(x) > 0. Also, with the appropriate choice of U, one can show that

c 2
S x()e ({00, 1) v (')'() = S (e ({100, ) + Oy (X000,

veTr V€T (VX)

for some a(x) > 0. The conclusion follows. O

Remark 4.4.5. As a consequence of Proposition and Proposition 4.4.2, we conclude
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that for all unitary characters x as above, there exist v(x) > 0 such that

vol(A)?I'(n)
X/ 2vol(T\H 1) (n/2)

> x(e((yoo,m) =1 X2 4 Oy (X2 00),

YETT(X)
where 1, , is 1 if 4 = 0 and x is trivial and 0 otherwise. In particular, we conclude

vol(A)T(n) o

#Ir(X) ~ n/2yol(D\H"+1)I"(n/2) '

(4.22)

as X — oo.

4.5 Proof of main results

In this section we will use the analytic properties of twisted Eisenstein series proved in
the previous section to prove our main results.

We recall the setup from the introduction. Consider the cohomology group
Hll“éo (T,R/Z) (see Appendix@for details), which can be identified with the set of unitary

characters of T" trivial on T .

Definition 4.5.1. We say that wy,...,wq € HE, (I',R/Z) are in general position if for

any (Iy,...,13) € Z¢, we have
s+ ..+ ngwg = 0 € HYy (I,R/Z) & (nw —0¢ H}, (T,R/Z),Vi = 1,...,d> .

As an example one can pick wi,...,wq to be a [F)-basis for ngo (I',Z/pZ), where we
consider Z/pZ C R/Z via Z/pZ > a — a/p.

The image of any w € HY(T',R/Z) is an additive subgroup of R/Z and thus is either
dense in R/Z or finite. In the first case we put J, = R/Z and in the latter case we put
Jw = Z/mZ where m is the cardinality of the image of w. That is, J, is the closure of the
image of w. We equip R/Z and Z/mZ with respectively the Lebesgue measure and the

uniform probability measure.

Proof of Theorem[{.1.8. Let wi,...,wys € HY, (Do(N),R/Z) be in general position. Then
for any tuple I = (I1,...,1l5) € Z% such that Liw; # 0 € HL (T'o(N),R/Z) for all i =
1,...,d, we get a non-trivial element of Hy, (I',R/Z) defined by

wp = lwy + ..+ lgwg.
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Now we consider the associated non-trivial unitary character x; : I' = C* given by

xi(7) = e (wi(7))

where e(z) = €2™®. Observe that this is indeed well-defined and that we get an induced
map x; : I \I'/T., — C* since wy is trivial on I .

By Weyl’s Criterion [48, p. 487] in order to conclude equidistribution of the values
of

w(y) = (Wi1(7); -+ wa(y),v00)

inside Hf.l:l Juw; X (R™/A), we have to show cancelation in the corresponding Weyl sums:

> xa(el(yoo, m),

vETT(X)

where | € Z% and € A*. We see that it follows from combining Proposition and
Remark [£.4.7] that we have

Y xetyoo,m) =o| > 1],
vETT(X) yETT (X)

as X — oo unless pp = 0 and x; is trivial. This finishes the proof of Theorem using
Weyl’s Criterion. O

4.5.1 Distribution of modular symbol mod p and mod 1

Now let us see how Theorem [.1.1] follows from Theorem [4.1.8

Proof of Theorem [[.1.1. We restrict to n = 1 and I' = T'o(IN). We see that m;t with f €
So(To(N))new give a basis for H5(Tg(N),Z/pZ). Thus it follows that they are in general
position and thus we conclude Theorem after noting that Tz (Q) = Qq,n- O

A different application is to consider the distribution of un-normalized modular sym-
bols mod 1. So let f1,..., fa € S2(T'o(NV)) be a basis of Hecke-normalized new forms and

consider the map Q — (R/Z)??*! given by

Q3 re=mygrz(r) = Re(r, fr), Im(r, f1),...,Im(r, fag),7), (4.23)

as a random variable defined on Qg n defined as in (4.3).
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Corollary 4.5.2. The random variables my g,z defined on the outcome spaces Qg N con-

2d+1

verge in distribution to the uniform distribution on (R/Z) as Q — oco. More preciely,

for any fized product of intervals [[>2' I,, € (R/Z)2+, we have

n=1

#Ya/q € QonNlhair | (Rela/q, f1),...,Im{a/q, fa)) € [I2%, Iy 2441
{ T B
5 n=1

as () — oo.

Proof. From a classical result of Schneider [92] we know that the periods (or elliptic
integrals) Q4 appearing in (4.2) are transcendental. By the rationality of (4.2f), this

implies that the cohomology class associated to a newform f given by

To(N) v+~ c>ORe(f(z)dz)

Yoo

takes some irrational value (and similarly for Im(f(z)dz)). Thus by the Eichler-Shimura
isomorphism, we conclude that given a basis f1, ..., fg of Hecke-normalized newforms, the
associated cohomology classes Re f;(z)dz and Im f;(z)dz are in general position and the
images of the associated characters are dense in R/Z.

Now Corollary follows directly from Theorem O

4.5.2 Proof of Corollary |4.1.6

Now we see how our results can be applied to the residual distribution of Dedekind sums

s(a,q) = Y 1_,(k/q)(ak/q)) where

is the “sawtooth” function.

Proof of Corollary[4.1.6. The results of [64, Section 5] shows (after some simple manipu-
lations) that for N, p as in Corollary

(N—-1)(a+d)

To(N) 3 (§, §) = s(a, Ng) — s(a,q) — 124

defines a non-trivial element wy, € Hlloo (T'o(N),Z/pZ) with eigenvalue —1 under the
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involution given by conjugation by ( § §). Now let w, € H%oo (To(N),Z/pZ) be the co-
homology class associated to a Dirichlet character x mod N of order p as in the proof of
Theorem which we recall has eigenvalue 41 under the conjugation action by ( I (1))
We observe that wy (y) = a;, € Z/pZ corresponds exactly to v having upper left entry in
some fixed coset agH of the unique index p subgroup H of (Z/NZ)*. Now Corollary
follows directly by applying Theorem to wyp and wy. O

4.5.3 On the variance of the residual distribution

A natural question to ask next is how well the values equidistribute in Theorem For
simplicity, we will restrict to H2. So let I' = ['g(N), f € S2(To(N)) be Hecke newform and
consider the normalized modular symbols mjf as above. In what follows we will suppress
mf from the notation.

We consider for each X > 0 the random variable Y}, x defined on the outcome space

Z/pZ (with uniform probability measure) by

#{7 € Tr(X) | m7(7) = a mod p}

Z/pZ > a— FTH(X)

Clearly, we have E(Y, x) = % and Theorem says that as X — oo, the random
variable Y}, x converge in distribution to the Dirac measure at %. We will now calculate

the variance, which is a natural measure for the regularity of our distribution problem:

2
Var(ty.x) = E((px ~ B = - 3 (oxl@) - 1)

a€Z/pZ

First of all we observe that for the modular symbols and primes appearing in Theorem
we have Var(Y, x) = 0 for all X. On the other hand we can prove using the

perturbation theory of the hyperbolic Laplacian, that as p grows, the picture is very

different.

Theorem 4.5.3. For p large enough, we have
Var(Yy,x) = ¢ X7~ 4 Oy (X vt 70r), (4.24)

for some sp,cp, 6y > 0, as X — oco. As p — oo, we have ¢, = 2/p*> + O(p~3) and

sp=1-— cfp_2 + O(p~3), where cy is given by (4.29).
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Furthermore, we can calculate the deviation from the mean for each individual residue

class. For p large enough and a € Z/pZ, we have:

#{1 € To(X) | m¥(y) =amod p} 1
e =~ dap X, (4.25)

2cos<27’—a

as X — oo, where dg p = o ) +O0(p~?) as p — .

Proof. For € > 0 we define the character x. : T'o(N) — C defined by

N eQm’m?(‘y)s'

Let Ao(e) = so(e)(1 — so(e)) with so(e) > 1/2 be the smallest non-cuspidal eigenvalue of
the hyperbolic Laplacian acting on y.-automorphic functions (i.e. sg(¢) is the right-most
pole of the twisted Eisenstein series E(z,s, x.)). Here we put so(¢) = 1/2 if there are no

residual eigenvalues. From this we define

T max so(a/p),

which will turn out to control the variance. Note that s, < 1 for all p by Lemma

By simple Fourier analysis on Z/pZ we have

#{y € Tr(X) | m7(y) =amod p} 1 v !

= - [ —2miab/p
#1000 b 2 B0 2 e T (420

bEZ/pZ

By Parseval this implies

#{7 € Tr(X) | m¥(7) = a mod p} i

#Ir(X)

Z’\/ETF (X) Xa/p(y)
#1r(X)

2:1 Z

p a€Z/pZ

>

a€Z/pZ

Hence we have

#{7 € Tr(X) | m%(7) = a mod p} |”

#11(X)

Var(Yyx) = 1 >

a€Z/pZ

9 (4.27)
1 1
= Z #T(X) Z Xa/p(’Y) )

p a€(Z/pZ)* yETT (X)
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since the contribution in the last sum for a = 0 mod p is exactly 1/p?. Now by a contour
integration argument as in Proposition we conclude that if so(a/p) = 1/2 (i.e. there
are no non-cuspidal eigevalues in [0,1/4) for the Laplacian acting on Xajp-@utomorphic

functions) then

Z Xa/p(r)/) = OE(XH_E)'

vETT (X)

On the other hand if so(a/p) > 1/2, then we conclude that

Do Xap(1) = Cap X0 (14 O(X00)),
veTr(X)
for some 64, > 0 depending on the spectral gap between Ao(a/p) and Ai(a/p) and some

Cap 7 0 depending on the constant term of the non-cuspidal eigenfunction corresponding

to Ap(a/p). Combining this with (4.27), we deduce the formula (4.24)).

We now want to understand the large p behavior. For this we employ perturbation
theory of the twisted Laplacian, as developed in [83, Section 4] and [33]. We have that
the smallest eigenvalue \g(€) = so(€)(1 — so(€)) of the twisted Laplacian by the character

Xe is real analytic in €, for € small enough. Moreover, we know that

so(e) =1 —cpe® + O(%), (4.28)
as € — 0, where
82| f]?
- , 4.29
VO](F)Q?HE (429)

see 18| Section 4] or |79] for more details.

Now fix € > 0 small enough such that holds. We want to show that if § €
[e,1 — €], then A\g(f) is bounded away from 0 (and hence so(#) is bounded away from
1). This follows almost directly from [33, Proposition 2.1]. Suppose the contradiction,
i.e. there exists a sequence {#;} C [e,1 — €] such that Ag(f;) — 0. By a compactness
argument, by passing to a subsequence, we can assume that there exists 6* € [e,1 — €]
such that 6; — 6*. Denote by f; € L*(T'\H, Xp;) the corresponding eigenfunctions with
eigenvalues A\o(6;). By the continuity statement in [33, Proposition 2.1], we conclude that
there exists f* € L?(T'\H, xp+) such that a subsequence of (f;) is L:-convergent to f* and

Af* = 0. But this means that f* is constant, and hence #*=0, which is a contradiction.
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By conjugation, we have so(¢) = so(—¢). Using the above and (4.28)), we conclude
that for p large enough, we have that s, = so(1/p) = so(—1/p) = so((p — 1)/p), which
combined with gives the wanted.

Now, from , we note that the main term in the variance is given by the
contributions of @ = 1 and @ = p — 1 in the sum. By we have #1r(X) =
(mvol(T)) ' X2(1 + O(X~Y)), for some v > 0. Furthermore, we know that the eigen-
function (and in particular its constant Fourier coefficient) corresponding to so(e) varies

analytically with ¢ (for & small enough) and we can deduce that

1

mvol(T) +0(),

Ress:so(e) L(s,xe) =
see |18] for more details. Hence, from (4.27) and Proposition we deduce that
2
cp=—+0 p_3 .
P p2 ( )

Finally for p large enough, we see that the main term in (4.26)) comes from b = 0, and

the second main term is given by

1(01 p€727ri/p + cp_1p€27ri/p)X250(1/p)72’

which by the above gives (4.25)). O

We note that the inequality (4.4)) does indeed follow from (4.25)).

Remark 4.5.4. We note that it should be straightforward to generalise Theorem to
H", as the perturbation theory of the first eigenvalue of the Laplacian has been developed

by Epstein [33] for H".
4.5.4 Cohomology classes ordered by lengths of geodesics

We now give a proof of Theorem showing equidistriburion of the values of coho-
mology classes when ordered by the lengths of the geodesics corresponding to conjugacy
classes of I'. This will be an almost direct consequence of a twisted trace formula for
SO(n+1,1). Our method is in the spirit of [78], where Petridis—Risager show that for co-
compact subgroups of SLa(R) the values of modular symbols are asymptotically normally
distributed when ordered by the length of the corresponding geodesics. This was in turn

inspired by ideas of Phillips and Sarnak [82].
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a b
We firstly consider the case n = 1. If v = € SLa(R) is hyperbolic, then ~

c d

A0
is conjugate in SL2(R) to a unique element . with A > 1. Let I' be a discrete,
0 A~

cofinite subgroup of SLo(R). We know that for each hyperbolic conjugacy class {y} €
Conjy,,(I') there is a corresponding geodesic of length I(vy) = log A2. Tt is a consequence

of the twisted trace formula for I' that for any unitary character y of I', we have

Do xw)= Y0 Li(e¥) +0y(er),
{70} primitive s€Q(x)
l(v0)<X

where Li(z) = [, (logt)~'dt is the logarithmic integral (see [41, p. 475]). Hence we obtain

S xt~ DL x() ~li(e™X)

{7}€Conjy,, () {70} primitive
(<X l(y0)<X

where the first sum is over all hyperbolic classes. Therefore, using Lemma[4.4.1] we obtain

that for some v(x) > 0,

1
' — 1 + O(e_V(X)X)
G o <] % E x(7) X ’
[{{r} € Conjp,y,(I') : 0 < i(y) < H{w}EConjhyp@)
I(v)£X

where 1, is 1 if x is trivial and 0 otherwise. Now the proof follows using the Weyl’s

criterion.

We now discuss the general case n. As mentioned earlier, the first proof of the Prime
Geodesic Theorem in the general case was given by Gangolli and Warner [35]. The trace
formula for cofinite subgroups of SO(n + 1,1) acting on H"*! was developed by Cohen
and Sarnak in [14, Ch. 7]. As a consequence, they obtain the following stronger version

of Prime Geodesic Theorem for H"™! [14, Thm. 7.37]:

mX)= > Li(eSJ'X)Jro(e("*#z)X)

n/2<s;<n

where the sum is taken over all n/2 < s; < n such that sj(n — s;) is an eigenvalue of —A

acting on L?(I'\H). Now we would like to apply a trace formula where we allow twists by
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characters. We did not find a place in literature where it is written down explicitly, and
to keep the exposition simple we will leave out the details. The analysis should be similar
to the case n = 1 and is furthermore implied to hold by Sarnak in [89, p. 6]. Similarly,
Phillips and Sarnak [82] prove a theorem about distribution of geodesics in homology
classes for quotients of H"*!, but only treat the case n = 1 in detail. The twisted trace

formula for H"*! that we need is exactly the same one which is implicit [82].

As in the 2 dimensional case, we would get

> ()~ Lier )

{’Y}ECOHjhyp (F)
I(y)=X

from which Theorem [4.1.11] follows by Weyl’s Criterion as above.

4.6 On the size of certain cohomology groups

In Chapter 4 of this thesis we study the distribution of certain cohomology classes which
can be identified with the unitary characters of cofinite subgroups I' < SO(n + 1,1) (or
equivalently I' < SV,,_1) with cusps. It is now a natural question to ask how many
unitary characters (or cohomology classes) our results actually apply to. This amounts
to finding the dimensions of the relevant spaces of unitary characters or equivalently of
certain cohomology groups. This last perspective is most useful when comparing it to the
existing literature. We will mostly restrict to arithmetic subgroups, which we will define
shortly. Then we will define the cohomology groups that are relevant and finally survey

what is known about their size.

4.6.1 Congruence subgroups

We will now define what we mean by a congruence subgroup, which most of the results
mentioned below applies to. In this case one can obtain quite explicit descriptions of the
double coset I, \I'/T",_ occuring in Theorem [4.1.8]

Let J C C,, be an order stable under the involutions — and *. We put SV, (J) :=
SV, N Ma(J). We also define V(J) := JNV,, and T'(J) = J NT,. For N € N, we define

the principal congruence subgroup

SV, (J;N) :={(2%) € SVp(J) |a—1,b,c,d—1€ NJ}. (4.30)
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A subgroup I' < SV, (J) is called a congruence subgroup if SV, (J; N) < T', for some
N € N. We quote |31}, Section 4] to provide an explicit description for representatives
of TZ\I'/T in the case I' = SV, (J; N). In this case, C(I') = N - T(J) and a set of
representatives for (24) € I, \I'/T",, with ¢ # 0 is given by

{(¢5) €SVa(J) |c€ N-T(J), (a,d) € D(c)}
where

a€J/(N-V(J)-c), de J/(N-c-V(J])),

D(C) = a7d
(@.d) a—1,d—1€N-J, ac,ed € N -V(J)

In the more familiar cases n = 1 and n = 2, the above reduces to the following.

e n = 1. Then SVy = SLy(R), J = Z and SV(J; N) = I'1(IV). Representatives in
' (N) A\ (N)/T1(N)L, with ¢ # 0 are uniquely determined by

{(a,¢) | ¢>0, N|¢c, a€(Z/cNZ)*, a=1mod N}.
If we consider I' = I'g(IV), then representatives are uniquely determined by

{(a,¢) | ¢>0, N|c, a€(Z/cZ)"}.

e n = 2. Then SV; = SLy(C). We take J = Ok, where O is the ring of integers of
a quadratic imaginary field K. Let n < Ok be an ideal. We consider congruence

subgroups of the form

={(2%) € SL2(Ok) | a—1,b,c,d — 1 € n},

— {(2}) € SLy(Ok) | c € n} .

In the case I';(n), representatives are uniquely provided by

{(a,c) | cen\ {0}, a € (Ok/(c-n)*, a—1¢€n},
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while for T'g(n) we have
{(a,¢) | cen\{0}, a € (Ok/(c))"}

Remark 4.6.1. There is also a notion of congruence groups for SO(n + 1,1). To define
them, let I' be the integral automorphisms of an isotropic quadratic form of signature
(n +1,1) defined over Q. Then a congruence subgroup of I' is any subgroup containing
{y €T |y =I,;2 mod N} for some positive integer N, see [89, p. 7]. If T' < SO°(n+1,1)
is a congruence subgroup, then ¥~1(T) is a congruence subgroup in SV,,_1. However, the
converse is not true, there exists a congruence subgroup I' < SV,,_; such that ¥(T") is not

a congruence subgroup in SO°(n + 1,1), see [31, Section 3] for more details.

4.6.2 The first cohomology group
We refer to [98, Chapter 8] for a comprehensive account. The first cohomology group of T’

with coefficients in a Z[I'l-module A is defined as the quotient between the corresponding

coboundaries and cocycles;
HY(T,A):=Z(T', A)/B'(T, A),

where

ZYT,A) i={w: T = A|wmny2) =wn) + nw(y2),¥7,72 € I'}

and

BYI,A):={w:T - A|Jac A:wly)=r.a—aVyeT}.

Furthermore given a subset P C I, we will be studying the first P-cohomology group of
I" with coefficients in A defined by;

HL(T,A) :={we HY(T,A) | wlp) € (p — 1)A,¥p € P}.

We will in particular study the distribution of P-cohomology group in the case where
P =T is the set of parabolic elements of I" fixing co and A is given by the circle R/Z
equipped with the trivial [-action. In this case H5(I',R/Z) computes exactly the unitary
characters of T" trivial on T"_.

Now we will make some general comments on the structure and size of H5(I',R/Z).
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4.6.3 On the structure of the cohomology groups

We recall that for A a trivial I' module we have
HY(T, A) = Homgy(I'/[I, T, A),

which is a special case of the Universal Coefficients Theorem since Hy(I',Z) = T'/[I',T].
From this we see that H'(I',R/Z) can be identified with the unitary characters of I'. Tt
is known [94, p. 484] that T" is finitely presented and thus I'/[[,T] is a finitely gener-
ated abelian group. From this we see that we have a splitting of the cohomology group

HY(T',R/Z) in a free part and a torsion part;
H'(T,R/Z) = Hgoo (T, R/Z) & Hior (T, R/Z),

where the R/Z rank of Hi_ (I',R/Z) is the same as the dimension of H(I',R) and the

: 1
size of H .

(T',R/Z) is equal to the size of the torsion in Hi(I',Z) = T'/[I",T].

We have a further Eichler—Shimura splitting of the free part due to Harder [40];

HI(F7R) = Hl (F7R) ©® HEllis(F7R)a (431)

cusp

where Hclusp (T',R) is the cuspidal part corresponding to certain automorphic forms for T’
(as we will see shortly) and Hi, (I',R) is the (remaining) Eisenstein part, which can be
canonically defined. The cuspidal part HZ,,(I',R) can be identified with Hj (I, R) where

P is the set of all parabolic elements of I' and furthermore all of the above splittings are

compatible with the Hecke action, when I' is arithmetic.

There has been a lot of work recently on the study of the size of respectively
H(}usp(F ,R), H (T,R) and H{(I',R/Z), and we will now collect the relevant results
for our problem. We observe that the image of I')  in I'/[I',T] is either trivial, finite
or isomorphic to Z. Thus we conclude that H lgo (T,R/Z) is non-trivial as soon as, say

HY(T',R/Z) is not generated by a single element or H. . (T, R) is non-trivial.

cusp
4.6.4 The dimension of cohomology groups

It is a result of Kazhdan [54] that for discrete, cofinite subgroups of real Lie groups of

rank larger than 1, the abelianization is always torsion. In our case, since SO(n + 1,1) is
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of rank one, we can however hope to see some free part. In the case of cofinite subgroups
I' € SO(n+1,1), the dimension of H!(T',R) (or equivalently the free part of T'/[T", I']) is not
very well understood for arbitrary n. The best lower bounds of the rank available in the
literature seem to be what follows from the work of Millson |70] and Lubotzky [60], which
gives that any arithmetic subgroup I' (with a few restrictions when n = 3,7) contains
a subgroup such that the dimension of H!(T',R) is at least one. In certain arithmetic

situations, we will be able to say more using a connection to automorphic forms.

4.6.4.1 Cohomology classes associated to automorphic forms

Recall the splitting (4.31)) due to Harder of the cohomology into a cuspidal and an Eisen-

stein part. We give a brief overview of the description of Hl . (', R) in terms of automor-

usp
phic forms, as in [89]. We recall the canonical isomorphism between H'(I', R) and the de
Rham cohomology group H}p (I'\H" 1 R) consisting of 1-forms. Inside Hlp (IF\H"™!, R)

we define the subset of cuspidal harmonic 1-forms.

Definition 4.6.2. A harmonic 1-form o = fodzg + fidwy + -+ + fudx, on T\H"™! is a

cuspidal 1-form if
1. « is rapidly decreasing at all cusps of T,

2. for each cusp a and y > 0, we have

[ uitepar =0 i=0.m,
Pa

where oyo = faodro + fardxy -+ fondr,.

We denote by Harl . (T'\H"*!, R) the space of harmonic cuspidal 1-forms on T'\H"*!.

cusp

Then we have the following identification

Har!  (T\H"™!,R) = H! (T',R),

cusp cusp

coming from [89, (2.14)]. This reduces the task of lower bounding the dimension of
Hclusp(F,R) to constructing cuspidal automorphic forms. For congruence subgroups
I' < SV,_1, this can be achieved using certain theta lifts developed by Shintani [99] of
GL3 holomorphic forms of weight (n +1)/2 + 1 (for details see [89, page 21]). This gives

us non-trivial examples for which Theorem |4.1.8| applies for any n. In the low-dimensional
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cases n = 1,2 a lot more can be said, as we will see below.

Finally let us see explicitly how to construct unitary characters from cuspidal auto-

morphic forms. We let
T — Hi(I,Z), ~ > {oc0,yoo}

which induces the canonical isomorphism H;(I',Z) = T'/[[,T]. For v € I and w €
Harl . (T\H"!,R), we define the Poincaré pairing

cusp

vP
(v,w) := 27ri/ w= 27ri/ w for any P € H""!
&(I) P

We note that that when n = 1 and f is a classical Hecke cusp form of weight 2 for I, then
f(2)dz is indeed a harmonic cuspidal 1-form on I'\H? and the Poincaré symbol is equal
to (minus) the standard modular symbol (4.1)):

ay/cy

O fe)dz) =2mi [ feds =~ e fer 1)

oo

We observe that if v € T is parabolic, then (v, @) = 0. Hence if we define x4 (7v) := e({v,a))
then x, defines a unitary character trivial on I', . The kernel of the map « — x4 is a full
rank lattice L inside Har. . (D\H"*! R). If we assume that T is torsion-free, we indeed

cusp
(T,R/Z) = Harl . (I'\H"*! R)/L.

cusp

obtain the identification H}

free

4.6.4.2 The case of H?

When n = 1, we have explicit formulas for the dimensions of both the cuspidal and the
Eisenstein part. More precisely we have coming from [111, Prop. 6.2.3] that

H}\, (T, Z) = R*, Hiy (T, R) = R*PD),

cusp

where g is the genus and h is the number of inequivalent cusps of the Riemann surface

I'\H2. In particular if I' = ['g(NN) is a standard Hecke congruence subgroup, we know

NTLn (1Y)

that g ~ 5

and h =3,y ¢(d, N/d) and we conclude that we can find towers
of Hecke congruence subgroups such that both the cuspidal and Eisenstein part goes to

infinity.
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4.6.4.3 The case of H?

When n = 2 there has been a lot of activity recently and we refer to the survey of
Sengiin [96] for an excellent and more thorough overview. In this case no formulas are
known in general for the ranks of the cuspidal and Eisenstein part and the best one can
hope for are lower bounds.

Regarding the Eisenstein part, we can describe it explicitly when I is torsion-free. In
this case, we have that Hi, (I',R) & R", where h is the number of cusps of I'\H?, see [32,
Proposition 7.5.6]. The same conclusion holds for co-finite subgroups I' < SLo(Op),
where Op is the ring of integers of the imaginary quadratic field Q(v/D) with D < 0 a
fundamental discriminant not equal to —4,—3 (in which case there might be torsion in
I'). In the case of co-finite subgroups I' < SLy(Op) with D = —4, —3 the picture is much
more mysterious, but a lot of numerics are available in [95] and [32, Ch. 7.5].

For the cuspidal part there are some useful results giving lower bounds on the rank.

First of all Rohlfs [85] showed that

dim H! _(SLy(Op),R) > #D) _

1
. ——h(D
cusp 6 2 h( )?

where k(D) denotes the class number of Q(v/D). Furthermore Sengiin and Turkelli [97]
proved that if D is a fundamental discriminant such that h(D) = 1, p is a rational prime
which is inert in Q(v/D) and Ty(p") C SLa(Op) is a congruence subgroup, then we have

dim He,g, (To(p"), R) 2 p",

cusp

as n — oo (an upper bound of p'°" has been proved by Calegari and Emerton [12]). In the

case of cocompact groups stronger results were obtained by Kionke and Schwermer [56].

4.6.5 Torsion in the (co)homology of arithmetic groups

Now we will discuss what is known about the torsion part of H;(I', Z) when I' C SO(n+1,1)
is a cofinite, arithmetic subgroup. In the simplest case n = 1, we know that all the torsion
in the abeliazation comes from the torsion in the subgroup itself and thus in particular
I'/[[',T] is torsion-free when I is so.

It was noticed a long time ago in unpublished work by Grunewald and Mennicke that
in the case n = 2 there is a lot of torsion in the abeliazation of congruence subgroups. See

Sengiin’s work [95] for some recent extensive computations.
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The study of torsion in the abelianization of I' fits into a more general framework of
understanding the torsion in the homology of arithmetic groups as in the work of Bergeron
and Venkatesh |4]. Bergeron and Venkatesh have conjectured that when I is a congruence
subgroup of SLy(Op) with D < 0 a negative fundamental discriminant, then the torsion
in I'/[I", '] grows exponentially with the index [SL2(Op) : I'].

More generally the conjectures predicts that the torsion in the cohomology of sym-
metric spaces associated to a semisimple Lie group G will grow exponentially in towers
of congruence subgroups exactly if we consider the middle dimensional cohomology and
if the fundamental rank (or “deficiency”) 0(G) := rank(G) — rank(K) is 1 (here K is a
maximal compact). It follows from [4, 1.2] that the fundamental rank of SO(n + 1,1) is
equal to 1 exactly if n is even. And thus we see that we will have exponential growth of
the torsion of I'/[T’, '] when I' runs through a tower of congruence groups exactly when
n = 2 (corresponding to Kleinian groups).

For n > 2 the torsion should conjecturally not grow exponentially, but there might
still be torsion, which is equally arithmetically interesting in view of [93]. There seems
however to be no experimental or theoretical work available in this case.

This concludes our discussion on the sizes of cohomology groups to which our results

apply.



Chapter 5

Dissipation of correlations of holomorphic

cusp forms

This chapter is mainly based on [17]. We would like to thank Peter Humphries for suggest-
ing the problem to us and for his help with triple product integrals, in particular equations

(5.26) and (5.27)).

5.1 Introduction

Fix I' = SLy(Z) and X = SLo(Z)\H. Let k be an integer. We denote by Ay (I") the space

of automorphic functions of weight &, that is functions f : H — C which transform as

f(v2) = 3y (2)"f(2), forallyeTl, (5.1)
, cz+d . koK
where j,(z) = e xd with v = e We denote by Lx(X) the space of automor-
c

phic functions of weight k which are square-integrable. We see that if f € Si(I"), then
Y2 f(2) € Li(X).

We have the Maaf} raising and lowering operators
K ﬁk(X) —>£k+2(X) and Ayg £k<X) %ﬁk,Q(X%

which allow us to move between automorphic functions of different weights, see [5.5] for

definitions. Hence, for even integers k1 < ko we define the operators

Kiy—2... K 12Ky, ¢
‘|Kk2_2 cee Kk1+2Kk1 @Z)H 7

R« Ly, (X) = Ly, (X), b —
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where ||RZ?¢|| = 1. We prove the following theorem.

Theorem 5.1.1. Fiz any ¢ € Cp(I'\H) (a bounded function on on I'\H). Let f and g
be L?-normalised holomorphic Hecke cusp forms of weights ki and ko respectively with
k1 <ky. Let

L iff=g

Of=g =
0, otherwise.

Along any sequences of such f and g, we have

SR (42 ()) 05 d() > 81y [ 6l2)du(z) s by oo,
\H T Jr\H

In other words, if Fy, (2) = y*/2f(2) and G, (2) = y**/%g(2), then

1

(0 (BEL).G) = brmg gy (001 a8 koo

Remark 5.1.1. This corresponds to a generalisation of Quantum Unique Ergodicity by
classifying the possible quantum limits of Hecke cusp forms when we project back to
the modular surface. That is, along any sequence of holomorphic Hecke eigenforms of

increasing weight, we show there are two possible limit points.

We also consider the case where we do not raise Fj, to weight ko, but rather project
into Ly,—k, (X). These statements are not the same, since there are extra normalising

factors that play an important role.

Theorem 5.1.2. Fiz ¢ € Cy(X). Let | be a nonnegative even integer. Let f and g vary

along a sequence of Hecke cusp forms of weights k and k + | respectively. Then

/ (Rf)qﬁ(z)) y* T2 f(2)g(2)du(z) — (5f:g§ d(2)du(z) as k — oo.
I\H 7 Jr

In other words, we have

1

<<Régf)> Fk,Gk+l> —>5f:gm <qz5, 1> as k — oo.

Remark 5.1.2. In Theorem [5.1.2] we can also allow [ to grow with k. Our method works

if I < cloglogk, where ¢ < m.
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Remark 5.1.3. It is crucial for us in Theorem that ¢ is obtained from repeated itera-
tions of raising operators. We expect the statement to hold for all ¢ € £;(X). However, to
achieve this we would also need to compute inner products of the type <(RﬁnFm)Gk, H k+l>,
which in representation theory corresponds to a triple integral of three discrete series repre-
sentations. The local factors of such integrals are difficult to estimate. The local factors of
triple product integrals where at least one factor comes from principal series representation

(MaaB forms) were computed by Cheng [13].

We use the spectral theory of weight k& automorphic functions, which we summarise
thoroughly in Section We can write a decomposition of L;(X) in terms of eigenfunc-

tions of the weight k Laplacian Ay. The spectral expansion will involve:
e Hecke Maaf} cusp forms R’guj raised to weight k;
e raised holomorphic Hecke cusp forms Rf (Fy), for 0 <1 < k;
e weight £ Eisenstein series E} (Z, % + it).

Therefore, it is enough to compute inner products of type (¢pFy, , Gi,) or <¢R:? Fy,, Gk2>,
where ¢ appears in the spectral decomposition. We proceed similarly as in the work
of Holowinsky [43] and Soundararajan |[102]. Our new ingredient is to incorporate the
spectral theory of weight & automorphic functions to their method, which we review in

Section We have two approaches, depending on the size of

S(f,q) = L(l,smef)L(l,smeg). (5.2)

Firstly, we can compute directly the inner products, using Rankin—Selberg unfolding for
the Eisenstein series and Ichino’s formula for the Maafl cusp form case, see Section [5.3
The formulas will involve central values of L-functions, to which we apply the weak sub-
convexity results of Soundararajan. This will win if S(f, g) is large.

Alternatively, we can expand the inner products in terms of the Fourier expansions.
We need bounds for the Fourier coefficients of weight k automorphic forms, which we
compute in Section [5.4] This approach boils down to bounding shifted convolution sums,
where we apply the results of Holowinsky, see Section This will win if S(f,g) is
sufficiently small. We put everything together and complete the proofs of Theorems[5.1.1
and [5.1.2 in Section [5.6]
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5.2 Spectral theory of weight k£ automorphic forms

We quote |28, Chapter 4], |11, Chapter 2] for detailed expositions on the analytical theory
of weight k& automorphic forms. Let k be an integer. We denote by Ak (") the space of

automorphic functions of weight k, that is functions f : H — C that transform by

f(v2) = 3y (2)"f(2), forallyeT, (5.3)
) cz+d . * Ok )
where j~(z) = ——— with v = . Note that we have the cocycle relation
K lcz + d c d

j’Yl'Y2 (Z) = j’Yl (’722)].72 (Z)’ for all Y1,72 € I.

Let L (") the automorphic functions of weight k that are square-integrable. On L (T") we

define the inner product

(f.9) = f(2)g(z)dp. (5.4)

T\H

We consider the Maaf§ raising and lowering operators acting on C°*°(H) (smooth func-

tions on H)

Ko Eay (124 ) kg
SRR AN oy) 2 0z’ (5.5)
A E—&- 9.9 —E—i—(z—z)2 |
FEo Y\ "ar T ay) T 2 oz
These operators are used to map between spaces of different weights:
Ky : COO(F) N Ek(l“) — COO(F) N £k+2(1“),
A : C=() N Ly(T) = C%(T) N Li—a(),
and satisfy the following property:
(Kif,g9) = — ([, Mkt29) , (5.6)

for f € C°(I') N Lk(T') and g € C°(I") N Li42(I"). Moreover, the following product rule
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holds:

Kiri(gr91) = (Krgr) g + 9:(EK191),

(5.7)
Ap+1(grg) = (Akgi) gt + gx(Mig),
where g and g; are smooth automorphic functions of weights k& and [ respectively.
The Laplace operator of weight k& is defined by
0? 0? 0
A=y = + = | —ik=—.
k=Y (83:2 + 83/2) " O
This can be written in terms of the raising and lowering operators as
A = —Kp_oAp — MNKk/2) = —=Ag 2Ky — MN—k/2), (5.8)
where
A(s) == s(1 —s). (5.9)

The operator Ay acts on Ag(I') N C>°(I"). We define a Maaf form to be a smooth auto-
morphic function of weight & which is an eigenfunction of Ay. Let Ax (T, s) denote the
space of Maafl forms with eigenvalue A(s). We also note that, if f(z) € Ag(T,s) has at

most polynomial growth in cusp, it has a Fourier expansion of the form
f(z) =aoly) + ) af(M)Win 1 (47nly)e(nz),
n#0

where W, g(z) is the Whittaker function, see [28] for more details.

We denote by By (I') the space of smooth automorphic functions of weight & such that
fiArf € Lk(T). Then —Aj defines a symmetric, non-negative operator on By (I'). The
space By (I') is dense in L;(I") and the operator —Aj admits a self-adjoint extension to

Lr(T') and we can study the spectral decomposition of this space.

5.2.1 Eisenstein Series

The Eisenstein series of weight k is defined by

Ey(z,s) := Z (Tmy2)*5,(2) 7", (5.10)
YET o \I'
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The series ((5.10) converges absolutely for Re(s) > 1 and has analytic continuation to the
whole complex plane. Unless k = 0, E(z, s) has no poles for Re(s) > 1/2. If k = 0, then

E(z,s) has a pole at s = 1 with residue

Resout B(z,5) = . (5.11)

s

If s is not a pole of Ei(z,s), then Ei(z,s) is a weight £ Maafl form with eigenvalue A(s),

but it is not in L(I"). We note that
k k
KypFEy(z,s) = 5 + s ) Exta(z,5), ApEk(z,s) = 578 Ex_o(z,s).

Hence, if k is an even positive integer,

I'(s+k/2)

Ty Pk (5:12)

Ki_o...KoKoE(z,s) =s(s+1)...(s+k/2—1)Ek(z,s) =

As in [49], |28], |27] or |76], the Fourier expansion of Fj(z, s) is given by
(12D ()
F(s—5TI(s+¥%)

(_1)k/2F(8) nl* o n|)W, 4|nly)e(nx
oT (5—{—@) £(2S)nz>;)| | 1—2s(| |) |k|/2,571/2( | |y) ( ) (5.13)

Ep(z,8) =y° + o(s)y'~*

s—1
+ or (3 @> £25) = In| 01—23(|n|)W/v_|k,|/27s_1/2(47T‘7”L‘y)e(nx)7
where
_&(2s—1)
(]5(8) - W,

&(s) = *°T(s/2)¢(s) = Tr(s)((s),

oy(n) = Z dv.

dn

Let 9(y) be a smooth compactly supported function on RT. Then we define the

incomplete Eisenstein series

Ep(z) = Y w(Imyz)iy(2)7,

YET o \I'
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that is in L (T'), but it is not a Maafl form. We denote by & (") the space of all incomplete
Eisenstein series. Then Ay acts on & (I") with purely continuous spectrum which covers

the interval [1/4,00) with multiplicity one. Moreover, for any f € & ('), we have the

f(z)= 417r/_oo <f,E;€ (;+zt>>Ek (;ﬂt) dt.

W(s) = /0 oowy)yscjf

expansion

We let

be the Mellin transform of 1. Hence, W(s) is entire and satisfies
(s) < (1+]s)~4 (5.14)
for any A > 0, uniformly in vertical strips. By the Mellin inversion theorem, we have

Y(y) = /( )y‘s‘l’(S)dS

for ¢ > 1. Using this, we observe that

By(e|o)) = /(2) U(—5) By (=, 5)ds. (5.15)

211

5.2.2 Cusp forms

The orthogonal complement of & (') in L;(I") consists of functions whose zero Fourier
coefficient vanishes, which we denote by Ci(I'). Then Ay acts on Ci(I') with purely discrete

spectrum. We now provide a description of this space.

Let Ci(T', s) be the space of Maaf cusp forms of weight k£ and eigenvalue A(s). Then
Ky : Cp(T,s) = Craa(T', s) and Ay : Ci(T', s) — Cx—o(T', s). Also,

KyF =0 < A\s) = \—k/2) < ¢"/%f(2) is holomorphic in z,
ARF =0 <= A(s) = A(k/2) < y%?f(2) is holomorphic in z.
If M(s) # A(—k/2), then the map

<)\(s) 1 (-’;>>_1/2 Ky : C(T, 5) — Crya(T, 5)
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is a bijective isometry. A similar statement holds for A;. Now for even integers ki < ko
and A(s) & {A(—k1/2),... A(—k2/2+1)}, we define the bijective isometry R;? : Cy, (I, s) —
Ck, (T, s) given by

k —1/2
R2(s)= [ <)\(s)—)\<—2>> Kiy ... Ky 42Ky, . (5.16)
lﬁl2g<]§22

When k > 0, the eigenspace of Ay with eigenvalue \(k/2) is given by

i (r5) = {216 1 £ € 5} 5.17)

and

C_i (r, ';) = {ymﬁ | f € Ska“)} : (5.18)

The eigenspaces of Ay in Ci (I', m/2) for even m in the range 0 < m < k are determined

by classical cusp forms in S, (I") with repeated applications of the Maaf raising operators.

Putting everything together, we have the following theorem, see |28, Corollary 4.4].

Theorem 5.2.1. Let k be an even positive integer. Let {u;(z)} be an orthonormal basis
of Maaf$ cusp forms of Co(I') with corresponding eigenvalues A(s;). Also, choose {fjm}

an orthonormal basis for Sy, (I'). Then an orthonormal basis of C(T') is given by

win(2) = [T sj) = A=0) 72 Kau(uy(2)),

0<i<k/2

wimi(2) =[] \m) = A=) Kot (" f2m(2)) -

m<I<k/2

Remark 5.2.1. Since Selberg’s eigenvalue conjecture holds for I' = SLg(Z), all the points

s; are on the line Re(s;) = 1/2.

Remark 5.2.2. We choose an orthonormal basis of Ci(I") consisting of Hecke-Maaf} cusp
forms, i.e. common eigenfunctions of the Laplacian Ay and all Hecke operators 7T;,. This
is possible because the operators T, commute with Ay, K; and Ax. We denote such a
basis by

Bei={ujpyu | U A{wjma} |- (5.19)
0<m<k/2
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We can compute the normalisation factors, as in [28, p. 508]. They are given by

. ‘ 1 [(s—k/2)
o?(s, k) == 0<l|<|k/2<x(sj) A=)t = (- )’WT T2 (5.20)
B%(m, k) := | | Am) = A=)t = L(m) 5.21
( ) m/2<l<k/2( ( ) ( )) F(k';m)r(kgm_'_l) ( )

If f e S (D) and Fr, = y*/2f(2) € Ci (T, k1/2), we just denote the isometry
R}2(k1/2) from (5.16) by R} : Cy, (T, k1/2) — Ci, (T', k1/2) given by

R2Fy, = B(ky, ko) Kpy—a...... Ky, Fy,. (5.22)

If u; is a cuspidal MaaB form with eigenvalue A(1/2 + it;), then its Fourier expansion

is given by

Je(n).

Z

n#0
If u; is a Hecke eigenform, then the Hecke eigenvalues are given by ¢;(n)/c;(1), for positive

n. We can relate it to the Fourier expansion of w;y, as in [49]:

(=DM2r(1/2 + it;) 3 ¢j(|n))

ujk(2) = Wi j2,it; (4mcInly)e(nz)

F(1+E+it') n>0 \/W (5.23)
( F)(k/Zf :/f;_“ 7;06] (In) Wfk/Q,itj(Zlﬂ-’n’y)e(nx)'
Now, if f(z) € Sk, (') has Fourier expansion
Z Af(n n e (nz),
then we have the expansion
RE(Fy, (2) = (=1) 7 B(kr, ko)as (1 g:l Afjg o uo (drny)e(na),  (524)

where Fy, (z) = y*1/2f(2) as above.
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5.3 Integral triple product identities

Fix f and g holomorphic cusp forms of weights ky and ko respectively with k1 < ko.
Denote Fj, = y*1/2f(2) and Gy,(z) = y**/%g(z). In this section we evaluate the inner
products (¢Fy,,Gr,), where ¢ is an automorphic form of weight ko — k1. If ¢ is an
Eisenstein series, we use the classical Rankin—Selberg integral method. If ¢ is a cusp form,
we evaluate the triple product integral using Ichino’s formula [45]. In both cases, it boils
down to estimating central values L(f x ¢,1/2) or L(¢ x f X g,1/2), to which we apply
the subconvexity bounds of Soundararajan from [102].

We begin with the following proposition, which uses the Rankin—Selberg unfolding,
see |46, Proposition 13.1].

Proposition 5.3.1. We have

(a5 (s PR ) a8 = [ 5B i

¢(2s)

Proof. Using an unfolding argument, for Re(s) > 1 we write the integral as

/F\HFkl( )Gk2( )Eky—ki (2 )dM:/F\HFkl(Z)GW Z (Tm y2)*j ()~ (ka— kl)du

YEL\T

Z /F (Im~y2)*F, (2 )mjv(z)krhdu

YEL o \I'
ki+k _
- / / ysy%f(z)g(z)dydx
n, m>1
_ af Z)\f k1+k2 1/ y5+ —47rnydy
n>1 0

= (4m)1 =T ( +2 ; - 1) ay(L)ag(1) Y Ap(m)rg(n)n ™

n>1

We now write the inner products involving the Eisenstein series.
Lemma 5.3.1. Let s = % + 1t and a = @ Then

(14 [£)%/2(log ko) "1 +¢(1 + o) '/2
(E(L,sym2 (L symg)) /2

|<Ek’2—k1 ('a 5) F/ﬂvazH <e
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and, for ki < ko,

r (kg — a)1/2
* T(ka)V/2T ()

(B () R Fio, Gy )| < k(L4 )% s(s +1) ... (s + a — 1)].

Proof. We use Proposition and (2.19) to obtain

. Lo\ g w320 (A2~ L it) L (S +it, f % g)
< Fah (2 o ) e ’“> ~ C(1 4 2it)T (k1) /2 (ko) 2 L(1, sym?2 f) /2L (1, sym2g) /2

We use the weak subconvexity bound of Soundararajan [102]:

(kl + k2)1/2(1 + ko — k1)1/2

1
L=+t 14 |t]).
(5 +inrs)| < Qoghpi- 1

We now use that for o > 0, |I'(o0 +it)| < T'(c) and employ Stirling formula to deduce that
Iz +1/2) ~T(x)y/x as x — co. Since |¢(1 + it)| > 1/log(1 + |t|), we obtain

r (%) (1+ kg — k)2 (1 + [t])1Fe

1
E — it - | Fr..,G ¢
’< hamh <2“’> - ’“>'<< (log k2) =T (k1 )1/2T (k2) /2 L(1, sym? f)1/2L(1, sym2g) /2
(5.25)

Finally we see that

ke +k o\ 1/2
F( g 2) (R <1
TOEOV2T(RO2Z 7 hthe—2 172 =
(k) 2T (k) (gt ko 2-1)

and the first part follows.

Now, for the second part, we use the adjointness property (5.6), the product rule
(5.7)), together with the fact that Ay, Gg,(z) = 0, to see that

<E @ + it, z> R Fy, (2), GkZ(z)>
—B(k1, k2) <E <; +it, z> (Kiy -+ K, Fioo(2)), sz(z)>
—(=1)%2" B(k1, ko) <<Kk2_k1_2 ... KoE (; it z>) Fy (2), Gk2(z)>

gy Bk1, k2)T <k2_k1 + 5+t
1)k22k1 2 2 ) <Ek2_k1 <1

T (3 +it) 5 Tit; z) Fy, (2), sz(z)> ,

If k1 = ko, then the conclusion follows. Now assume kj < ky. Substituting 8(k1, k2)
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from (5.21)) and using (5.25), we have that ‘<E (3 +it,-) RI2Fy,, Gk2>‘ is bounded by

1/2
ki+k
(b 1 (1+ )1+
1/2 H 9 Tt 1— L
['(k2)1/2T <k25k1) 0<j< 25k (log k2)1=<5(f, 9)2

We use the bound L(1,sym?f) > (logk;)~!, see [42], and similarly for g. Hence the

contribution from the last fraction is bounded by k§ and the conclusion follows.

O
Next, we evaluate the inner products involving Hecke-Maafl cusp forms.
Lemma 5.3.2. Let ¢ > 0. We have
(1 + ko — kl)l/Q
ok e, G )| < .
kot Fias Gl e (o AL (T, sym )1V L(T, symiZg) 2
For N, large depending on €, we have
! if ke — k1 < N,
Y R2 — R1 = V¢
[ (iR Fio, Gy )| e, § (omha)! /L1 syme 2L (1, symg)1/2
fey e if kg — k1 > N..
Proof. From Ichino’s formula [45], we know that
1 A(1/2,u; x f X g)
ko—ky (2) Fiy (2) G, (2)d = - o iy
'/I"\H Uj ko —k1 (Z) k1 (Z) kg (Z) :LL(Z) ] A(l, smeUj)A(l, Smef)A(l, Sym2g) 007
(5.26)

where I’ is a certain local integral. When k; = ko, Watson [110] shows that I = 1. For
the general case, Woodbury [112] and Cheng [13] calculated for the real local place and

show that I = 9~ katk

We have that

k1 +k ki1 +k
A(s,fxgxuj)—HI‘R<s+ 1—; 2:I:itj>l"]R<s—i— 1; 2—1:|:Z'tj)
+

ko — K ko —k
XI’R<3—|—221¢it]~>FR<s+ 22 1+1iir>L(s,f><g><uj).
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Then it follows that

r <k+2# n itj) r (% _ itj) L(1/2,f x g x u))

TN (ko) L1, sym2 /) L1, sym?) (5.27)

(kg Py » G| <

We use the weak subconvexity bound [102]

1 (k1+k2)(1+k2—k1)
L= i € .
(2’ frxgx UJ> <t (log ko)1=¢

Similarly to the previous proof, we use that for o > 1/2, we have that I'(c+1/2) < \/oI'(0)
2
and |['(o +it;)| < T'(o). Also, as before, we know that I' <%) < T'(k1)T'(k2) and then

we conclude the first part of the lemma.

For the second part, we first note that

2
’<uijka17Gk2>‘ = Bk, k2)2 ((Ery—hy—2 - - - Kouj) i, Gk2>|2

B(kla k2)2
= Ty R — e ki P G [

(5.28)

Now fix N, large enough such that N, > 1/e and logn < n¢, for n > N.. We treat

two separate cases, depending on whether ko — k1 is smaller or larger than N..

1. If 0 < ky — k1 < Ne. Then from definitions of (5.20) (5.21f), we see that

B(k1, k2)?

= T |
a(sj, /62 — k1)2 ot

and the conclusion follows.

2. If ko — k1 > N°€. For notation simplicity, denote o = (k2 — k1)/2. We also use the
bounds L(1,sym?f) > (logk;)~! and L(1,sym?g) > (logkz)~!. Now, from (5.20)
and (5.21)), we see that

Tk (@+2)?  THk)T(@+1)T (a+3)
v r(ag)r+1)  r(bge) Ha+l?

kitks 1 -1 1
< ( 2 ) ~ < kyta™
(0% o

B(klv k2)2
a(l/2+itj, ky — k1)?

Now the conclusion follows from ([5.28]).
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5.4 Bounds for Fourier coefficients

In order to evaluate Fourier coefficients of automorphic forms of weight k&, it is useful to

define

Wi W_ki
Flk,t,y) = — () ok t(“), . (5.29)
D(5+k+it) T (3-—Fk+it)
In [50], Jakobson evaluated this expression as
: kiw' Wouri(y)
F(k,t,y) =2(-1)" TS
; 4ll' T (541 +it)
where the Pochhammer symbol (z); is defined by
()p=z(z+1)...(x+1-1); (x)o=1.
We use the fact that Wy, (y) = +/(y/7) K, (y/2). We apply the integral representation

of the K-Bessel function |47, p. 205]

1 v [
K,(y)=7""?T (v+ = (Q) / (u? + 1)7" 2 cos(uy)du,
2)\2) J,
which holds for y > 0 and Re(v) > —1/2. From this we obtain

Y Woi4it(y) < /2
1 .
T (5 +1+it)

/ (u? + 1)V cos(uy) du
0

T+ 14 [\ A 1T+ [t\€
<<y1/2< H) <1+ H) 7
y y

for any ¢ > 0 and any integer A > 0.

Next we note that

‘ (—k)i(k)iy!
(1/2)41!

ok (k1
kI 1)

i(k;rl> _ <k+2+1>’

=0

hence using the identity

we see that

1+ e\ 1+t
F(k,t,y) <<4’f/<A\/17<J;‘> <1+ Z”). (5.30)
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Also, from [46, B. 36], we have the asymptotic for large y

wao=(5)" (0 (457)).

Now we are ready to give bounds for the Fourier coefficients of incomplete Eisenstein

series.

Lemma 5.4.1. Let Ei(z|t)) an incomplete Eisenstein series with Fourier expansion

Ei(2lv) = 3 an(y)e(na).

neZ

Then
@0(y) = o= W(=1) + O (),

and for n # 0, we have

an(y) + a_n(y) € 2K/ (Jn) (1@),4 (1+:0)

In [nly

for any € > 0 and any integer A > 0.

Proof. Using (5.15)) and (b.13]), we note that

— 1 s (_1)k/2F (5)2 —s
ao(y) = 2“/(0) W(—s) (y + 5 DT (s + g)d>(5)y1 ) ds,

for some o > 1. We want to move the line of integration to Re(s) = 1/2 and we notice
we that encounter a pole at s = 1 if and only if £ = 0. Using the duplication formula

I'(2)[(1 — 2) = == and that |T'(1/2 + it)|> = —Z—, we observe that

sin 7z cosh 7t ?

s

(4 +it)°
FA+it+ 5T (5 +it—%)

hrt
Losi T ~1 aslt] = 0.

sin (% + it + g)
Hence, by (5.14)), we have that

an(y) = B> (~1) + O (V). (5.31)
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Note that, by unfolding, we see that

1/2  poo T
(Bo(z9), 1) = / /0 b)Y _ g1,

-1/2 y?

Similarly, for n # 0, we have that

1 1 (—=1)*/2T (& +it) 1 ayit
anly) = 27rz/ v <_2 - Zt) oT (L + & 1 it) £(1 + 2it) 4 > (3) Wi i (4mlny)dt.

> 2 ab=|n|

We easily see that

an(y) + a_n(y) < 7(n])|n| "2 /_Z ¥ <_; _ it) mp <I;,t,47r|n|y> .

The conclusion follows from ([5.30]). O

Next we turn our attention to the Fourier coefficients of Maafl cusp forms.

Lemma 5.4.2. Let ujj be a Maaf$ cusp form as defined in the previous section with

eigenvalue 1/4 + t?. If its Fourier expansion is given by

ujk(z) =Y an(y)e(nz),

ne”l

then ap(y) = 0 and for n # 0, we have that

1+ [\ L+t
enlt) + 4 (0) < 2462 Ve ) 1y LEL
) Vel gy iy
Proof. From (5.23)), we see that for n # 0, we have that

an(y) + an(—y) = D(1/2 + itj)e;(|nl)In| /2 F (k/2,t;, 4x|nly).

Now the conclusion simply follows from ([5.30)). 0

Next we develop a formula for Whittaker functions of the form W, , 1 (y), which

is useful for expressing the Fourier coefficients of R,’:? Fy, .
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Lemma 5.4.3. Let a > 0 and k > 0 an integer. Then
W (y) = —é’azk: ety (F) L@at k)

In particular, this implies that for y > 0 and a > 1, we have

«

W -Haa—%(y) < 2k67%y0‘((2a + k)k + yk)

Proof. We proceed by induction on k. From [28| (4.21)], we see that

We use the recursion formula |39, (9.234)]

Wii1u(y) = (;y - A) Wi u(y) = yW3 .(y).

We we see that Wa+k7a_%(y) is of the form

k
_Yy _
Wa—l—k,a—% (y) —e 2 yOC E yk; lPk7l (Oé)
=0

where Py, ;(X) polynomial of degree [. The recursion formula gives us that, for 1 <1 <k,
we have

PkJrl’l(a) = Pk,l(a) — (20& +2k -1+ l)PkJ,l(Oz).

Moreover, Py, o(e) = 1 and Py () = (—1)F(2a)y, for all k. If we write Qp(X) = Py (%),

one can check by inducion on k that
k
Qri(X) = (—1)’(1)(X+k—1)(X+k—2)---(X—|—k—l).

The conclusion follows. O
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5.5 Shifted convolution sums

Let ¢ € Ly,—k, (X) with Fourier expansion

$(2) = ao(y) + Y_ ar(y)e(l).
120

We want to evaluate (¢F},, Gk,) by applying Holowinsky’s approach [43] by relating the

inner product to shifted convolution sums. In this section we prove the following theorem.

Theorem 5.5.1. Define

1 P\f(P)) ( !Ag(p)\>
M = 1+ — ) (1+——=].
k1,k2(f7g) (logkg)QL(l,Smef)1/2L(1,Sym29)1/2 o ( + D + »
- (5.32)
Fixz € > 0. Then there exists a constant N such that the following hold.

i Let ujp,—k, be a Hecke—Maaf form as above with eigenvalue 1/4 + tjz. Then

<Uj,k2—k1 Fkl ) Gk2> <<tj75 2k2—k (1 + ko — kl)N€Mk1,k2 (f)l/z(log k2)6'

it For an incomplete Eisenstein series Ey, i, (z|1), we have that (Eg, g, (-|t)) Fry, Giy)—

S =g (Eo(-[¥0),1) is bounded by

Ope (252791 (1 4+ k= ko)™ My o ()2 (10 k)" (1 + Ry (£,9)))

where

1 /+°° L(f x93 +it)]

Rk .k (f?g) =
o k;/gL(l,sym2f)1/2L(1’Sym29)1/2 e (Jt| + 1)°

Fix v smooth and compactly supported on R™ and ¥(s) its Mellin transform. For

Y > 1, we define

Ip(Y) = — ‘II(S)YS/ E(z,8)p(2)Fy, (2)Gr, (z)dpds (5.33)
(o) X
for o > 1.

Lemma 5.5.1. For ¢ a fixed a Hecke—Maaf cusp form or incomplete Eisenstein series,
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we have
(Fk,, Gry) = ¢ I5(Y) + Oy (Y‘1/2) : (5.34)
where
cy = %\P(—l)Y . (5.35)

Proof. We move the contour of integration in (5.33) to the line Re(s) = 1/2. There is a

pole at s =1 coming from the Eisenstein series, with residue
lIl(—l)Y (Ress:l E(Z, S)) <¢Fk1 ) Gk2> =Cy <¢Fk1 ) Gk2> :
Therefore we obtain

1,(Y) = ey (¢Fi, Gi) + /X P(2)(2) Fi ()G ()t (5.36)

where

p(z) = /(1/2) U(—s)Y®E(z,s)ds .

On the line Re(s) = 1/2, from [43, Lemma 2.1], we have
E(z,5) <c vy + sy~ (14 |s]/y)°.

Using the fast decay of W(s), we obtain p(z) < /yY if y > 1/2. Going back to (5.36)), if
we assume ,/y/|¢(z)| is bounded on X, we conclude that

[ P (G < VT

The assumption that |/y|¢(z)| is bounded on X is true for cusp forms and incomplete

Eisenstein series. O]

We observe that

1/2

()= /0 Ty < (z)Fk1<z>Gk2<z>dx) dy . (5.37)

—-1/2

This follows from using a standard unfolding argument and then applying the inverse

Mellin transform.
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Proposition 5.5.1. Let Y > 1. For any € > 0, there exists a constant N, such that, for

¢ a Hecke—Maaf$ cusp form or incomplete Fisenstein series, we have

1/2

(6Fiy, Gr) =5 /0 T vy ( 6" (2) Foy ()0 (2 >dx) dy

—-1/2

0 (227F (g — by + )Yy Y2,

where

o*(2) == Z ai(y)e(lz) .

[l|<Y1+e
Proof. We evaluate the contribution to I4(Y") coming from large Fourier coefficients a;(y)

of ¢. Assume ¢ is an incomplete Eisenstein series of weight ko — k1. We make use of Lemma

The contribution coming from Fourier coefficients larger than Y€ is bounded by

1/2
/ SOV )y~ 2a(y)| Fi (2)|Gry (2) | dzdy

>y 1+ —1/2

1/2 T l
<<2k2—k1 (k; — k1 4+ 1 (/ / 1/1 Yy 2|Fk1 (Z)HGk‘z(Z)dxdy) YA_1/2+E Z l&)

1/2 [>yl+e

<<2k‘2—/€1 (k2 . kl 4 1)AyA+1/2+ey(1+E)(l—A) < 2k2—k1 <k2 o kl 4 1)AY'—1/27

if we choose A large enough with respect to e. We note that the double integral is bounded
by O(Y), since
/F\H |[Fry (2| Gy (2)dpa(2) < [[Fpy || + |G| = 2

and we know that y <1/Y, —1/2 <2 <1/2, and by [47, Lemma 2.10] we know there are
O(Y') copies of the fundamental domain in this region. The proof for Maafl forms follows

similarly. O

For an integer [, we define

0o 1/2
— /O BV y)y~? ( / ar(y)e(l) Fy, ()G (2 )d:c>d. (5.38)

—-1/2

Hence

v (0Fky, Gry) = So(Y) + Y sl<Y>+0(2’“2*’“1<k2—k1+1>N€Y1/2). (5.39)

0<|l|<Yy1+e
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We note that So(Y) = 0 when ¢ is a cusp form.

Lemma 5.5.2. Let Y > 1 and ¢ = Ej,_g, (z|h) an incomplete Fisenstein series of weight
kQ — k’l. Then

ey So(Y) =0k, — 2 (9.1) + O(Y 1)

_ 0 1 ;
+0 ((Ykz)‘l/2(|L(sym2f,1)L(Sym29,1)l) 1/2/_ L (f(;,i’i; n)|dt> :

Proof. From the definition of Sy(Y") and ( , We obtain

1/2

So(Y) = (% (o) +0 (Y —1/2)) /0 oow<Yy>y“¥’“2—2< _1/2f(z)9(2)drn> dy .

Expanding the product f(z)g(z) as a Fourier sum and computing the inner integral above,

we obtain

> ag(n)ag(n / P(Yyy 22 mugy

n>1

SolY) = <5k1 @ +o(Y “))

We evaluate the integral in y using the inverse Mellin transform.

o0 o0 1
/ Y(Yy)y T2y gy — / ; / (V) U(—s)ds | y 5 2 ~2e~ 4™y
0 0 2ms (o)

1
- YU (—s)(drn) > 2 2T <s + @ - 1> ds,

2w (o)
Hence
Zaf n)ag(n / v(Yy)y 4’mydy—
n>1
1 — _k1tko Y \° L(fxg,s) ki + ko
—ar(1 1)(4m)? — ) ¥U(—s)————T" -1
=g 5% [ <4ﬂ) (oLt (R )

We move the contour of integration to the line Re(s) = 1/2. We note that we pick up a
pole at s = 1 if and only if f = g. In this case, we use (2.19)) to compute the residue.

Therefore, we obtain

> a(n)

n>1

0 kitky o

(Yy)y 522 mwgy — 5, Sw(—1)y + E(Y),
v
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where

k1+ko

B(Y) =5 —ay(1)ay (1) (4m) '~

o0 1/2+it L 1 it
></ Y (-t (fxg’?“)r Mtk L
N\ 2 C(1 + 2it) 2 2

From [106, p.51], we know that ((1 + it) > (logt)~". Hence, using the rapid decay of
U(—s) guaranteed by ([5.14) and expanding af(1)ay(1) as in (2.19)), we obtain

ki1+ko—2 1/2 1 .
1/2 (G ) 2 2 ~1/2 OO‘L(fng§+Zt)‘
B(Y) < vV by £ ) Ly, )| [ 2 T

(k + k)2 (5535 75)

_ B © |L(fxg t+it
< Y2k, 2| L(sym? £, 1) L(sym?g, 1) 1/2/ L )] P

—eo ([H+DI

Lemma 5.5.3. Let ¢ be a fixed automorphic form. Then for l # 0, we have

a (Y™
L(sym?f,1)}/2L(sym2g,1)/2

' SI(Y) <« '

Yk D ) Ag(n+ D]+ Y (ky + ko) 7'
\"Ykz

Proof. Expanding the Fourier sum in the definition (5.38]), we obtain

k+k
=2 as(n) aw“/ Y ya(y)y = e e

n>1

We note that the inner integral is only supported for y < 1/Y. Hence

SIY) < (Y O agp(n)ag(n +1) / BV )RR -2t gy,

n>1

Similarly as in the proof of Lemmal[5.5.2] using the inverse Mellin transform and evaluating

the inner integral, we obtain

ky + k
SIY) < la(Y )Y ap(n)ay( ag(n +1)5 / YU (—s)(2n(2n + 1)) 55T <s otk 1) ds.

n>1
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From (2.19)), we see that

al(Y 1
S (Y A DALY .
l( )<< (Smef 1)1/2L Sym2g 1 1/2 nz>:1| f n+ )’ 7[( )
where
A (V) = n%(nﬂ)% 1/ () % D(s + lahe 1)d
n,l = (n—i— l)h;rkz_l 271 () 27(2n + 1) (k1)1/2F(k2)1/2
2

If we interchange f and g, which we can without losing the generality, then the first term
will be bounded above by 1. From Stirling’s relations, any vertical strip 0 < a < Re(s) < b

and k > 1, we have
I'(s+«a)

o)~ a® (1+ Ogp (8| + 1)2a71)), (5.40)

see |43, (19)]. Choosing the line of integration Re(s) = 0 = 1 + €, we obtain

AnlY) < - / ( )< : )ankl;bl) o ) d
n o —S s
! 211 (o) 271'(271 + l) r (k142rk2 _ 1) F<k1>1/2r(k2)1/2

()" v (Bt o)

A Yy 14€
1— €
< 1/2 v 2 (2n 4+ 1) + (k1 + k) <2n+l>

k1 +ka—2
(k1 + k2) (kigk;_l)
Therefore we get

al(Y_l)
L(sym2f,1)Y/2L(sym2g,1)1/2

SI(Y) < Z Af(m)Ag(n + )] + Y (ky + ko) 71

nXYkQ

We recall |43, Theorem 1.2].

Theorem 5.5.2. Let \i(n) and A2(n) be multiplicative functions such that |\;(n)| < 7(n).

Then for any 0 < 6 < 1 and any fized integer 0 < || < x, we have

S ) Ae(n + D] < a(logz) 2 (1) [ <1+ Al}g”’) <1+ M?(p)')

n<x p<z p

log x
dloglogx |-

where z = exp <
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We apply Theorem with Ay = Ay and Ay = A;. The Ramanujan conjecture for
holomorphic cusp forms ensures that the conditions in the statement of the theorem are

satisfied. There exists a constant Cy such that, for all € > 0

Y (k)l-gk:g _ 1)

n<CyY (k1+k2)

< ()Y Ry + ko) (log(kt + k2)) 27 ] (1+ ‘A1;P)1> <1+ IAz(p)I).

p<(k1+k2) b

Y s Ag(n + Dy

Case I: ¢ is an incomplete Eisenstein series. Using Lemma [5.4.1] we have that

ko—k1 —1/2y1/24¢ (12 (1o —2+€ [A1(p)] [A2(p)|
SUY) + S(Y) < 2R S, )2V V27 (12 (log k) p%(u ) (14 el

We use the trivial bound

Z (1) < Yite

1<I<Y 1+e
to see that

oyl Y Sy < 2Ry VR L (f 9).
0<|l|<y1te

Case 2: ¢ = ujp,—k, is a Hecke-Maaf} cusp form. It is very similar to the above case,

where we employ Lemma instead. While we sum S;(Y’), we need to bound

1/2 1/2

DU CTOR B Ok Y ogW?] <Y

0<i<Yyl+te 0<i<Yyl+te 0<i<Yylte

where the bound for the second sum over the Hecke eigenvalues follows from [47, p. 55].

To finish the proof of Theorem we simply choose Y = My, r,(f,9)" 1. If
My, 1, (f,9) > 1, we take Y = 1.

5.6 Proofs of Theorem [5.1.1] and Theorem [5.1.2]

Lemma 5.6.1. If k1 < ks and logky > C'log ke, for some absolute constant C, then

N

1
M, k5 (f, 9) <e (log ko) L(1, sym? £)3 L(1, sym?g)7.
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Proof. The key input is |44, Lemma 2] which states that

L(1,sym?f) > (loglog k1) > exp Z M , (5.41)

p<ki P

and a similar statement holds for L(1,sym?g). As in |44, Lemma 3], we use the inequality

2| < %+ 222 and the Hecke relations Ar(p?) = Af(p)? — 1 to see that

A 1 1 3 A(p)?
Z|f}§p)|§3zp+4z f;p)
p<ki p<ki p<ki
13 1 3 A (p?)
SR N
12 p<ki p 4 p<k1 p
Ar(p?)

13 3
—logl - —_ 1).
5 ogogk1+4z +0(1)

p<k1

IN

Now the conclusion follows from (5.41)) and the fact that log k1 < log ks. O

5.6.1 Proof of Theorem 5.1.2|

From the analysis in Section it suffices to bound (u; i, —k, Fiey, Gip) and (Ejy—p, (2|90) Fioy, Gy ) -
We have who cases, depending on the size of L(1,sym?f)L(1,sym?g).

Case (i): Suppose L(1,sym?f)L(1,sym?g) > (logk3)~%/6. Then by Lemma we
have that

ko — ki V2 —1/12+e€
‘<uj:k2*k1 F,, Gk2>| L | 1+ 5 (log k2) .
For the Eisenstein case, from (5.15) we know that

3 1

Ekz—k1 (Z|¢) = 5k1:k2 ;\Ij(_l) + /(1/2) \Ij(_S)EkQ—kl (Za S)dS.

2mi

Hence

3 oo 1. 1
<Ek2—k1 (Z|¢)Fk:17Gk2> = 5]“:9;\1’(_1) + / v (_2 - Zt) <Ek2—k1 ('7 5 + Zt) Fkv Gk2> dt.

Now, using Lemma and the fast decay of ¥(s) given by (/5.14)), we see that

3 — 55 t€
(Bky—ky (2|00) iy, Giey) — 6f:g7T\I/(—1)‘ <L (logk2) =+ (14 ko — k1)1/2.
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Hence the conclusion follows if

/6—e

ks — k1 < log ks (5.42)

Case (ii): Suppose L(1,sym?f)L(1,sym?g) < (logky) /6. Then we deduce the previous
Lemma that My, ,(f,9) < (log kg)_i“. The conclusion follows from Theorem as
long as ko — k1 < cloglog ko, for some constant c. If we optimise out choices, we can let

1 -
any c < m = 0.12.

5.6.2 Proof of Theorem 5.1.1]

It suffices to to bound <ujRZka1, Gk2> and <E(z|¢)RZka1, Gk2>.

We begin with the cusp form case. From Lemma[5.4.2] <u]~RZf Fy., Gk2> is small when

ko — k1 > N¢, for some N, large enough depending only e. When ks — k1 < N, we just
combine Lemma and Lemma depending on the size of L(1,sym?f)L(1,sym?g),

as in the previous proof.

For the Eisenstein case, we use that

3 %0 1 1
<E(zy¢)R’,§ij1,Gk2> — =g W(-1) = / v <—2 - zt) <E < 5+ zt) R'ngkl,Gk2> dt.

—0o0

If ko — k1 < N, the conclusion follows again easily from Lemma [5.3.1] and the bound for
U(s) on vertical lines given by (5.14) and from Lemma

If ko — k1 goes to infinity, we need to obtain a bound for ¥(s)s(s+1)...(s+n—1) in
terms of n. By repeated partial integration, this boils down to estimating ||t)(™||o. One
problem is that these derivatives can grow arbitrarily fast in terms of n. We show that we
can work with an approximation 1. of 1 such that <E (z|¢€)R£f F,, Gk2> is very close to
<E(z|1/J)RZka1, Gk2> and such that we can control H@bém || oo-

We need to construct a nontrivial function of compact support ¢ for which we control
the sizes of derivatives |[¢(™)]|o, for all n. From Denjoy-Carleman Theorem [86, p. 380],
we deduce that, for any § > 0, there exists ¢ € C°°(R) supported on [—1,1] such that
Jp d(z)dz =1 and [|¢{™| <5 n(1+9" for all n. From now on we consider § fixed (we will
choose it later).

For all € > 0, we define ¢c(z) = 1¢ (%) . Then clearly ¢ is supported on [—¢, €] and
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Jg ¢e(x)dx = 1. Now let any ) € Cy(0,00). We consider the convolution

bel(z) = (b * 60) (& /w ooz — y)dy,

which is clearly compactly supported in (0,00), for € small enough. It is not hard to see

that

1% = elloc < €l[t)]|oc.

Hence, for any u,v € £;(X) such that ||ul|3 = ||v||3 = 1, we have

B2, 0) — Bz, v)] = \ / (<) (=)

——dzxdy
o) \

<y €,

since there are Oy (1) copies of the fundamental domain for which 1 (y) — 1(y) # 0 and

2 2
[ atdnt < [ [P0l gy = 1.
I\H T\H 2

This shows it is enough to consider <E(z\we)ngf Fkl,Gk2>. Clearly,
2 L Gy ) = 0p_g oW T (-1 L it) REF, Gy, )d
<E(2’¢€)Rlek17 k‘2> - fzgg 6(_1)+ 3 € _E_Zt E '7§+lt Rlek‘la ko t

and we have that
U (=1) = V(1) + Oyle).

f(1+8)k

From definition of 4., we have ||| s <y . Denote by ¥, the Mellin transform
of 1. From repeated partial integration, we see that for |o| < 2, where s = o + it, we

have

U (s)s(s+1)...(s+k—1) <<¢< C¢> Kok,

for some constant Cy depending on the support of 9.

For simplicity of notation, let oo = @ Choose € = a~%/2. We apply Lemma
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and choose k = a + 3. We have

A(f?Qawe) = '/_OO \Ije <_; - Zt) <E <'a % +Zt> szFk17Gk2>dt‘

1/2
()
1/2 14-39)
(k2)1/2r(a)1/2k2 (Cpar) (15 )

<
r

Hence

1 36
log A(f, g,%¢) < (2 + 2> aloga — %bg ka2 + O(log k2 + ).

The conclusion follows if we pick § = 1/12.
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